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MOTION OF A LIQUID CONTAINED IN ROTATING 
CYLINDERS OF TRIANGULAR CROSS-SECTION 


By B. R. SETH (Harrow) 
[Received 13 December 1933; in revised form 24 February 1934] 


THE problem of the motion of a liquid contained in rotating cylinders 
of rectilinear polygonal cross-section has only been solved, I believe, 
when the cross-section is either an equilateral triangle or a rectangle 
or an isosceles right-angled triangle. I shall apply the method of 
conformal representation to obtain solutions for triangular cross- 
sections with the help of elliptic functions. 

We take the plane of a cross-section as the plane of a complex 
variable z, with the origin at the point where the axis of rotation 
cuts the plane. If ¢ is the velocity potential and % the stream func- 
tion of the motion, we know that 

w = ¢+i~ = a function of z. 
If v is the angle the normal to the boundary makes with the axis 
of x, the boundary conditions satisfied by ¢ and y# are 


( =a wy) cos v+- ( + on] sinv = 0, (1) 


On oy 

and wb = $w(x*+y?)+a constant (2) 
respectively, w being the angular velocity of rotation (which we shall 
assume to be positive). We shall now modify the form of these 
boundary conditions suitably for our purpose. 

Let «, be the argument of dz when the pth side of the triangle is 
described in the positive sense (i.e. so as to keep the area included 
within the triangle on the left) by the point whose affix is z. Then 
we obtain from (2) 
nt C08 a,+y si 1, 2,3 3 
= w(x COS x, +Yy SiN a,) (p = I, 2, 3), (3) 
a2 
C 
He 
0s” 


é ; o\? 
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B. R. SETH 
If u and v are the components of velocity at any point, then 


Pe. OO... ee... a . 


‘ — ‘ ? y ‘ ad 
Ox oy oy ox 


xa oy __ iv. 


Let us put = _ 


Oxdy by’ dx2 Oar’ 
then we can write (4) as 
y cin § F +> —_ 9 ¢ 5 
X sin 2a, + Y cos 2a, = w (p = 1, 2,3). (5) 
This form of the boundary condition is originally due to E. Trefftz.* 
Let us again put Q = X+7Y, so that 
a2 a2 a9 2 
ab  .oy o : dw 
Q = — +15 = = (¢+) = = 
Oxdy = = Ox®— Oa dz* 
Thus X+7Y is a function of x+2y. 
We note here that the function Q is independent of the position 
of the axis of rotation. For a rotation about a point O is-equivalent 
to a rotation about a point O’ together with a translation, and, since 


the velocity potentials set up by the rotation and the translation 


are additive, bibs = o'+ip'+Cz 
= 1 ' 9 


C being a constant, i.e. 
2 2 
a= Fig+iy) = Se'+iv, 

Since Q, z are connected by a functional relation, the triangular 
area PQR is mapped thereby on an area of the Q-plane, and the 
boundary condition (5) shows that this area is bounded by three 
straight lines. The points P,, Q,, R, (which correspond to P, Q, R 
respectively) at which these straight lines intersect in the Q-plane 
are to be taken so that the enclosed area P,Q, R, is always on the 
left when a point describes in order the segments P, Q,, Q, R,, Ry P,. 
Again ¢-+-i, and therefore Q, is to have no singularity, gua function 
of z, within the triangle PQR. In general, however, Q must have 
singularities at the angular points, and the nature of these singular- 
ities must be determined.t 

To obtain this information we turn to the known solution of the 


* Math. Annalen, 82 (1921), 97-112. 
+ I am indebted to the Journal’s referees for suggestions improving the 
discussion which follows. 
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similar problem when the section of the prism is a circular sector.* 
If wa be the angle of the sector of a circle of radius c; and z = ct, 
we have 


otip = ; 


2 cos 7a 


twet? - 
+ iwe? > Agni, ?"*!4, in general, 





2rec’ 


but -|- t? log ¢ +- tan 4(*— p}loett-+e)], if a = 3, 
7 


and tent -| dnt art? — i(t+ ) (P45 — 2)log i) ifa = I. 
7 


Hence 
iw = 
Q = ——_+iw YB {-2+2n+Dl@ in general 
cos 7a 2 ee as , 


but seal ogt+4( “—1)log(1+09], if a = }, 


4, 9 
and se] —F (143) +i(1+ 3 3)log; +) ifa = 1. 
7 t # 
Now, if the z-figure is mapped on a ¢ half-plane with £ = 0 corre- 


sponding to z = 0, then in the neighbourhood of this point z ~ D¢*, 
and hence 


Q ~ —— +iwD, 0-4, in general, 
COS 774 
but w.. +D, log ¢, if a = }, 
7 
and iw+D,¢, ie = I, 


all the A’s, B’s, D’s being known non-vanishing constants. 

Q is, therefore, finite for 0 << a < } and for a = 1; it is infinite 
for } <a<1. In each case the angle between the sides of the 
Q-figure meeting there is 1—2a (in the sense that an angle at an 
infinitely distant point is reckoned as negative), except for a = 1 
when it is 1. We may also notice here for future use that the value 
of 6+-i gives a finite velocity at a vertex in the z-plane if 0 << a < 1, 
but an infinite velocity if a > 1.T 

|The discussion of a = 1 seems to be necessary to show that a point 
on the side of the triangle must be an ordinary point of Q, and 

* Stokes, J'rans. Cambridge Phil. Soc. 8 (1847) [Papers, i. 305]; also 
Greenhill, Messenger of Math. 10 (1881), 83-9. For a semicircle see Hicks, 
Messenger of Math. 8 (1878), 42-4; and for a quadrantal sector of a circle, 
Greenhill, ibid., 89-105. 

+ For a general analytical proof in this connexion reference may be made 
to Todhunter and Pearson, History of Elasticity, vol. ii, Part II, § 1711, 412—14. 
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especially that the formula b = 1— 2a, determining the angle of the 
Q-figure, does not apply in any sense when a = 1.] 

If é,, &, &, be the points on the real axis of € in the ¢-plane that 
correspond to the angular points P, Q, R, and if 7a,, 7a,, 7a, be the 
internal angles at these points, then 


=A | (S—€,)" 4 (L—&) (LE) de + B. (6) 


Again, if 7b,, 7b., 7b, be the corresponding angles of the Q-figure, we 
may map this figure on the same ¢ half-plane, using the formula 


2 = C { C-&)C— 8-6) de +D 


' [ C—&)-e(S—&)-2e(E— 8) 2 dE LD, (7) 


since we have just shown that b = 1—2a (a £1). In (6) and (7) 
A, B, C, D are complex constants which affect the scale, orientation, 
and position of the triangles. 

We now see that (6) and (7) furnish the solution of the general 
problem of the motion of a liquid contained in a rotating cylinder 
of any triangular cross-section. 

There are four cases* in which (6) may be integrated by means of 
elliptic functions of z, viz.: 


(i) (@y, 4g, 4g) (3, 4, 3); 
(ii) (44, 4g, 4g) (2, 3, 4), 
(iii) (41, 4, 3) (% $, 4)» 
(iv) (@y, 4g, A) (%, §, $)- 


I shall discuss these in turn. 

We shall require the values of the components of velocity at an 
angular point of the triangle PQ R in order to determine the constants 
of integration. Surrounding a point P with an arc of a circle whose 
centre is P we see that the boundary condition (1) is to hold good 
for an infinite number of values of v. [We have observed that the 
velocity can only be infinite for a > 1.| Hence 

“= i. = —wy, v= i = wa (8) 
a oy 
at an angular point. 

* Schwarz, Journal fiir Math. 70. The integrations were given by Love, 

American J. of Math. 11 (1889), 158-71. 
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(1) Equilateral triangle 
In this case we have, from (6) and (7), 


2=A f (L-&)4C—-&)-C—-&:)-4 a +B, 


Q = 6 { (6—&)-*C—&)-(C—£5)4 dt + D. 
The triangle in the Q-plane is, therefore, also equilateral. Using 
(5), we see that the shaded areas in Fig. 1 correspond to the upper 


half of the ¢-plane. 





iy 
‘ 





PR De 














We have now Q = C,z+D,, 
C, and D, being constants. From the figure in the Q-plane we get 
0 for z = 0, Q = —2iw for z = 2a1. Thus 
C,=—wfa, D,=0. 
Again —u+iwv = [2 dz = —4hw2*/a+E. 


But (8) gives wu = —2aw, v = 0 for z = 2ai. Hence EK = 0. Finally 


we have : 
d+ip = | (—u+iv) dz = —juz3/a, 


neglecting a constant of integration. This result is, of course, 
classical. 
(2) Right-angled isosceles triangle 
In this case we obtain from (6) 
z= A | (—&)-\C—&)-4(C—&)-* df +B. 


Putting é, = —1, = 0,, = 1,0¢= 1/A,p?=1, (1—A?) = (7/(f?—1), 
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and, adjusting the constants A and B, we write* 
9 dn?*(z/A,) 

sn*(z/A,) 
A, being a constant. If we take the angular points P, Q, R in the 
z-plane as (2c, 0), (c,c), (0,0), the value of A, is c/K. 

Now (7) gives dQ C, 

de ~ 1)" 


and the corresponding areas are shown shaded in Fig. 2 


1 = @(e/Ay) = 


y 























Ro 
Fic. 2 


Since p? = (?/(¢?—1) = 4ds*(Kz/c), and k = k’, K = K’, we havet 
dQ 
dz 


Le. Q = C,tan-{ne(Kz/c)}+D. 


= C,sd(Kz/c), 


Again en(u+K) = —k’sdu, and thus, using the Fourier’s expansion 
of cnu,t we can write 


dQ. = @ 2 (—1)"sinj {(2n+-1)3 p7z/c (9) 


dz c osh{ (2n+1)! bir} 


i.e. = —_— i327" cos{(2n-+1)47 z/c} 


2n+1 cosh{( 2n+-1)} Yen} 


T 
From the figure in the Q-plane we have Q = iw when z = c, whence 
D = w. 
* Love, loc. cit., 168-71. 


+ Any constant factors which appear will be absorbed in C}. 


+ For this expansion see Greenhill, Applications of Elliptic Functions, 286. 
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Integrating the expression for Q we get 
2c\* — (—1)"sin{(2n+1)} ;' 
2c S (—1)"sin{(2%+ rel} net Ke. 
(2n-+-1)? cosh{(2n-+-1)47} 
(10) 


T 





—u+iv = —o,( 
0 


From (8) we have 
u = 0, v = 0 when z = 0, whence EF = 0, 


0, v = 2cw when z = 2c, which satisfies (10), 


.= 
u = —Cw, Vv = cw when z = c(1+7), whence C, = —4w/Cc. 


Finally we have 


$+ we [ (—u+iv) dz 
(11) 


x ' 
—1)" cos{(2n+-1)422/c ; 
( ) (( 6 )3ar bs dieue?, 


9\3 
es 2 
«(-) . pa (2n-+- 1)? cosh{(2”-+-1)4$z} 


neglecting a constant of integration. 
[t may be of some interest to show that the value of % given by 
(11) satisfies the boundary condition (2). We have 
—1)"sin{(2n+-1)}7a/c}sinh{(2n+- 1)4ay/c} 


2\3 .~ ( 
tu(2) ' 2. (2n+1)8 cosh{(2n-+ 1)47} 
(12) 


us 
+ }u(x?—y?). 
For the side y = 0, (12) obviously satisfies (2). For both y = 2 and 
—ax-+2c we get the known identity* 
2 *2 3 (—1)" sin{(2n+-1)4ary c}sinh{(2n+1)}ay/c} 
7 (2n+ 1)® cosh{(2n-+-1)42} 
: (13) 
This problem has been solved by Gaberkin, whose paper I have 


y= 


of =x so 


not seen, and Kolossoff,+ who deduced the solution from that of the 
prism of square cross-section. Kolossoff’s solution is derived from 


(12) by rotating the prism through an angle of 45° 


(3) Right-angled triangle containing an angle of 60° 


In this case we have from (6) 
A f (6—&)-"(C—&)-C—&)-# df +B. 


a == 
Z2= 


* F. Purser, Messenger of Math. 11 (1882), 26. 
+ B. A. Gaberkin, Petrograd Bull. Ac. Sci. (6) 13 (1919), 111-18; C. Kolos- 


soff, Comptes Rendus, 178 (1924), 2057-60. 
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Putting 
f= —1,& = 0, =1,0= 1A = A—N/At1) = (I-D/A+9 


and adjusting the constants A and B, we write* 


H= (2) 9=9, 9=4, 


and can take the angular points P, Q, R as 0, w,, w,(1+73-), where 


w, is the real half-period. 
From (7) we get dQ 0 ad 


——— : ers 


df &(¢—1)(£+ 1) 


and the corresponding areas are shown shaded in Fig. 3. 


y 


| 




















>= (A—1)/(A+1) = 


Putting, as before, € = 1/A, p 
re have 
ee a © _g} on 
du pwe—1 - p—l p—e 
1, e, e? being the three cube roots of unity. 
Since p = (z) (Jo = 9, Js = 4), 
dQ 12C c| g’(z) | eg~’(z) . €e'(z) | 
dz g'(z) ((z) g(z)—e ' @(z)—e?] 


» &g = €, €g = e*, so that 


To determine C' we go back to (14). From the figure in the Q-plane 


it is clear that Q increases by —2?%w as C passes through ¢ = 0. By 
: CJ £ : 


* Love, loc. cit., 164. 
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integrating (14) round a small semicircle with = 0 as centre we get 
another expression for the value of this increment in 2. Hence, 
by putting ¢ = te and making t > 0, 


— 22 


= 2w TT. 


We now use the following Fourier’s series for £,(z), f5(z), €3(z):* 


rs 9 —1)qz" ™ 
mz Qa qz . rz 
@, p2 1—q* W 


{| ex =| | 


W) 


boas | 


" | ( =) 
qexp| = — 
Nye = > rz | \| @,/| 


tg Set. . Zz 
( ‘Sad 


C;(z) - — sin — 
W, 1—¢ Wy, 
i 


and here q - ies ‘w,) = —iexp(—4v3), where wy is the half- 
period corresponding to e, and is —}$w,(1—?v3). 
All three Fourier series are valid, if writing z = x+iy, we have 
—4vV3 < y/w, < 3v3, 
and in our figure 0 < y < w,/v3. 
Substituting the values of ¢,(z), f(z), ¢,(z) in (15) we get 
dQ =| 7. 6m 2 S un er = an (16) 
ep : L. 


dz 7 | Wy 


whence 
4w] TZ = 
Q —| logeos —- 9% 
a 2w r 
7 | 2, 


P 4w[ Z 
utw | Q dz = =| logcos — dz — 


aW) 
2w4 l a: 172 . 
aan a yg ond te+(—1)"e*}sin - |+De+e. (17) 
mn L.r7%(1—g*) wy 
To determine the constants D and E we have, from (8), vw = v = 0 
for z = 0, and u = 0, v = ww, for z = a. 


* For these formulae see Tannery and Molk, Fonctions elliptiques, 3 (1898), 
118. 
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Since f logcos(zz/2w,) dz is odd in z, it vanishes with z, and hence 
(17) gives H = 0. Again, 
wy 
logcos(7z/2w,) dz = —w, log 2, 


0 


_ : 4w ° 
and (17) now gives D = — log 2+1w. 
-, 


Finally, we have 


d+ = =| | | logcos 
7 ._* “ 


WZ n 
d. y2 _} 
~ ' 


2w, 
—l1)q os TZ 4 é ' 
( rq {q’ +e+(—1)’e*}cos -+wz|—log2+7}, (18) 
r?(1—q*") wy 7 
neglecting a constant of integration. 
When |z| < w,, we can, of course, develop {f logeos(7z/2w,) dz? in a 


power-series 


es ~ 2 a=. 92n(92n__])B Tz 2n+2 
| | logeos”~ dz? = —(—™! > | oat os » (19) 
I "Qa, T , (2n+2)!(2n) \2w, 


B,, B,, etc., being Bernoulli’s numbers. 


(4) Isosceles triangle containing an angle of 120° 
For this case we obtain from (6) 
2=A | (C—&)-"(l—€,)-4(l—&)-# df +B. 
Putting é, = —1, &. = 0, &, = 1, € = LA, p® = 1/(1—A*) = @/(@—1), 
and, adjusting the constants A, B, we write* 
Kh = (2), J2 = 9, 93 = 4 
and take the angular points P, Q, R as 2w,, w,(1+73-*), 0 respec- 
tively, w, being, as before, the real half-period. 
From (7) we have 
dQ -— bs (20) 
dg ~ (@—1) 
and the corresponding areas are shown shaded in Fig. 4. 
Let € = 1/A, f? = 1—A?, then (20) gives 
2 = ¢, | f(A} ef +D 
= C,C()+D, if f= eid). 


* Love, loc. cit., 166. 
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Also f?* = e*()e*(z) = 1. (22) 
We can, therefore, take ((t)(z) equal to 1, , or <®. A choice between 
them only affects the constant C, in (21), which has eventually to be 
determined from the boundary condition. 

















Now p® = (7/(€?—1), € = 2¢3(z)/o'(z) = 27/'(t), and thus ¢ is 
not a rational function of (z) and ¢'(z); but it is a rational func- 
tion of g’(t). If in the case of the equilateral triangle, we make 
the successive substitutions ¢,;=—1l, §£,=0, &=1, ¢=I1/A, 
1—)\? = p? = 1—1/@, adjust the constants A, B, and put z =, 
we get » = Q(t) or £ = 27/'(t). Hence (22) may be interpreted as 
the transformation which changes the isosceles triangle containing 


an angle of 120° in the z-plane into an equilateral triangle in the 
i-plane. It appears to be impracticable to carry the solution further. 








SOME SUMMATIONS OVER THE LATTICE POINTS 
OF A CIRCLE (II) 


By A. L. DIXON (Ozford) and W. L. FERRAR (Ozford) 
[Received 12 December 1933] 


1. Riesz sums 
In Part I we considered series of the type 


x 


> r(n)(n+b)PK, {27iB,/(n+b)}, (1.11) 


n=0 
and proved theorems concerning their (AB) sums. These sums we 
proved to be identical with their Cesaro sums, if such existed. The 
major result of Part II is that series like (1.11) are, when f? is not 
an integer, summable (C,j) provided 7 be large enough. 
A direct proof of this result we found to be unattainable and we 
have built up our proof from a prior consideration of such series as 
¥ r(n)n9 JS, {278}. ~ (2.9%) 
Some of the results of Part II are not new. Both Wilton and 
Oppenheim have proved results concerning series of the type (1.12) 
when 6 = —}y. Wilton* has proved that, if } >» > }, the series 


x 


> 1(n)n— J, {27,/(nx)} (1.13) 


n=1 
is summable (R,n, }—p-+5) when z is not aninteger. Oppenheim has 
proved a set of results which includes our Theorem I as a special case. 

We prove that Wilton’s scale of summability is still applicable 
when p < }, i.e. we prove that, when zx is not an integer and p < $, 
the series (1.13) is summable (R,n,}—y-+8). It is well known that 
the series is convergent when » > } and 2 is not an integer. 

The range of values 0 < » < } presents some difficulty whatever 
(known) line of attack is adopted. In Wilton’s methody the gap 
1 > p > 0 could be filled if, in the well-known order problem, O(z!) 
could be replaced by the conjectured, but unproved, O(a'+*). Our 
own method deals directly only with negative or zero values of » and 
it is by an appeal to a general theorem in the theory of Dirichlet 
series, shies by Ananda Rau, that we are able to prove our results 
for 0 < p< }. 

* Proc. London Math. Soc. (2) 29 (1929), 168-88; at 181. 
t Cf. Messenger of Math. 58 (1929), 76. 
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1.2. We mean by the (R, k) sum of a series u)+-u,+-... the number, 
if such exist, given by 


lim 'S u,(1—n/N)*, 


N-x n=0 
and we consider only positive values of k. 

The equivalence of the (R,k) and (C,k) sums of a series known to 
be summable by either method is fundamental in our work. Our 
results are proved sometimes by methods which employ Riesz means, 
sometimes by methods which employ Cesaro means. Our theorems 
are stated in terms of Cesaro means. 


1.3. For clarity of exposition we first prove two theorems of a 
relatively simple character. These theorems* are: 
THEOREM I. Whent r(A) = 0, the series 


x 


¥ r(n)Jo{27,/(na)} 
n=( 
is summable (C,k) for k > 4 and its sum is zero. 


TuHroreM II. When r(A) = 0, the series 


x 


> r(n)Wnd,{2,)(nd)} 


n=0 
is summable (C,k) for k > 3 and its sum ts zero. 

There are two preliminary lemmas concerning the order of certain 
integrals which occur in the course of the proofs. These we now 
prove. 

Lemma I. Jf m is a positive integer, 0<5< 1, k>0O, and 
m—1+8 <A < m—S, then, for n = 0, 1, 2...., 

| (n+A—2ntAtcos d)-* dd = a(n+A)-*F( 4k, tk-+-4; 1; 4nA(n-+A)-2) 

= A(n+aA)—, 
where A is a constant that depends on m, 5, k but is independent of 
n and of the particular value of x. 

The evaluationt of the integral may be effected by expanding the 

* Theorem I is a known result; cf., for example, Oppenheim, Proc. London 
Vath. Soc. (2) 26 (1927), 298, Theorem 4. 

+ r(A) 0 when either (i) A is not an integer, or (ii) A is an integer that 
cannot be expressed as the sum of two squares. We adopt the usual conven- 
tion that r(0) ie 

The value may be read off from some formulae of Gauss which are given 
in Forsyth, Treatise on Differential Equations (2nd ed.), 213, Ex. 1 (ii). 
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integrand as a power series in cos¢ and, at the appropriate point, 
using the duplication formula for the gamma function. 

The concluding inequality of the lemma is obtained on noting that 


4nd __ (=) te an 


(n-+-A)? n-+aA 4m?’ 
this, in turn, follows from the considerations that, if n > m, 


Can. es oa 2A m—A_ 8 


== - e ] = a =. 8 
n+A n+aA~ m+A m+A~ 2m 
while, if nm < m—1, 
~ Ah 5 oe 


a > - aed ° 
A+n A+tm—1 2m 


Lemma II. With the hypotheses and notation of Lemma I, 
| |At—nicos d|(n-+A—2niAicos d)-* db < A(n+-A)-*+# 
0 ; 
This lemma is an obvious corollary of the former, since 
|\At—ntcos d| < At+-n*? < 24(n-+-A)!. 
1.4. Proof of Theorem I. 
By a direct application of the summation formula (2.1) of Part I, 
we have 
n<N 
> r(n)(1—n/N)kJyf2a,/(na)} 
n=0 
20 N 
wt > r(n) [ Jf (na) }Jo{2ar4/(Ax)}(1—a/N)* dx. (1.41) 
n=0 “1 
0 


We know”* that if n > 0 and x > 0, then 


= 
mJy {2rr4/(nx)}Jy{2mry/(Ax)} | J,(2ararvx) dd, 
0 
where w = 4/(n+A—2n!d'cos 4). 
Hence, we may write 
Ny 
7 | Jy{2ar,/(na)} Jo{2ar,/(Ax)}(1—a/N)* dx 


0 


N 
— | (1—a/N)* dx fa (22rarvx) dd, 
0 0 


* Watson, Bessel Functions, 367 (16); put v 
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or, on changing the order of integration,* 


P(k-+1)Nia-» j Je (2000 


qrk +1 apktl 


wag. (1.43) 


0 

For any fixed n, w varies from |¥n—~vA\| to (vn-+~A) as ¢ varies 
from 0 to w. If A (fixed) is not an integer, then the lower bound of 
a for n = 0, 1, 2,... and 0 < ¢ < mis positive. We may therefore, 
for all m and for the whole range of integration in (1.43), use the 
asymptotic expansion of the Bessel function to obtain the formula 

Jes (2raa/N) = A, (A)/ao tN, (1.44) 

where |A,,(A)| is bounded? for all n and all ¢ in (0, 7). 

From the above we may write, when A is not an integer, 

n N 


> r(n)(1—n/N)ty{2m,/(na)} 


n=0 


= Ns-* y r(n) [ C,,{n+A—2,/(nA)cos g}-**-! dg, (1.45) 
0 


n=0 


| is bounded for all. By Lemma I, the expression (1.45) is 
less in absolute value than 


where |C, 


iv 


AN?t-k ¥ r(n)(n+A)-** 4, (1.46) 
n=0 
where A is a finite constant provided that A, if not fixed, is confined 
to a closed interval which does not contain integers or zero. 

When k >} the infinite series in (1.46) is convergent, since 
r(n) = O(n®), where 8 is arbitrarily small; consequently, the expres- 
sion (1.46) tends to zero as N tends to infinity. Hence, when k > }, 

n<N 
lim > r(n)(l—n/N)*{2n,/(na)} = 0. (1.47) 

No n=0 
When A is a given integer such that r(A) = 0, the term in (1.41) given 
by n = A is zero and for the terms given by » + A the lower bound 


* Term-by-term integration will readily prove that 
N =" “er ‘i = 
| (1 -<) S,{teren jx) dae = 1 sh ; 
0 
this can also be deduced from Sonine’s first finite integral ; cf. Watson, loc. cit. 
373 (1). 
+ If A is not fixed but varies as in Lemmas I and II, the lower bound of 
a for all n, A, ¢ considered is still positive and A,(A) has finite bounds. 


(7m) 
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of @ is positive. Hence, the previous argument is sufficient to prove 
(1.47) in this case also, and our theorem is proved.* 

1.5. Proof of Theorem II. 

The proof of this theorem differs from that of Theorem I in detail 
only. Instead of using (1.42) we use a corresponding formula 


7 


apf 2n)(nex)}J,{2m/(dee)} = [ 


0 


(2ravx) dd, (1.51) 


VA—~vn cos ¢ 
J 
Dw 


and, later, use Lemma IT instead of Lemma I. When we use asymp- 
totic values [at (1.44)] we have J,.,, where before we had Jj,,,. 

The formula (1.51) is obvious when either x or n is zero. To prove 
it when neither x nor n is zero, differentiate (1.42) with respect to A. 
The differentiation is justified by the observation that, since the 
lower bound of aw in (0,7) is positive, the integrand in (1.51) is a 
continuous function of A, ¢. 

The formula (1.51) may also be deduced from Graf’s formula, given 
by Watson.+ 

The details of the proof are, with the aid of the foregoing remarks, 
easily constructed. 

2. Series in J, and J, 
In dealing with 
¥ r(n)(1—n/N)Io{27,/(n)}, > r(n)(1—n/N)FWnd{27,/(nd)}, 

the method of 1.4 led to transformations of these sums that involved 
Jj.4,(27a@VN), Jj.49(27@vVN), both functions whose asymptotic values 
are easily written down and whose orders, for large NV, are well known. 

If we introduce powers of n other than those appropriate to each 
series, i.e. n° for the first and n* for the second, our method leads, 
not to Bessel functions, but to generalized hypergeometric series. We 
use these series in what follows and begin our work by quoting, in 
a convenient form, results concerning the asymptotic values of such 
series. 

2.1. Asymptotic values. 

We require the asymptotic expansion of 


1. = D\(n-+a)z2” ‘ 
A(," 32] a 2, D(n+1)P(n+p)0(n+y)’ peti 


* We prove, in fact, that the summability is uniform with respect to A pro- 
vided it lie in a closed interval free of integers. T loc. cit. 359. 
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for large values of z. It can be obtained from some very general 
formulae obtained by Fox,* and, in the form we use, it is given by 

Ai ‘ saer' = D(a) 
B,y D(B-—a)I(y—a) 
+ O(xte—4B-4y +4) 4+ O(a2-2-1), (2.12) 


xr-*- 


The following details will enable the reader to see how our result is 
obtained (the page references are to Fox’s paper): 
on p. 389, o=1, = 2, B, =o,=0,=1, 
= a, B, pa =Y¥; 
on p. 390, = 2, = a—B—y+}, 
= 2, k=1, g = y(27); 
on p. 398, rac = 2, z = 4xexp(z?), 
i, y= 1. 
K, 92~* is the residue of 
D(—t)P(a+t)2/T(B+8) (y+) 
at the pole ¢t = —a [ef. p. 396, Theorem 3 witht » = 1, m= 2, 


hk 1], so that 
Ky 9 = T(a)/P(B—a)P(y—a). 
With these facts, (2.12) may be read off from the formula (the lower 
sign being taken) given at the foot of p. 398. 
2.2. The series in Jy. 
We now use the methods of § 1 to deal with the sum 
n<N 


* r(n)(1—n/N yiJof2ay/(nd)}n’, (2.21) 
t \ 


n=0 


where s > 0, r(A) = 0,7 > 4. 
The summation formula (2.1) of Part I shows that (2.21) is equal to 


x 


){ 27r4/(nar) Jo{2zr,/(Ax)}(1—a/N las da, 


* ©, Fox, Proc. London Math. Soc. (2) 27 (1928), 389-400. 

+ There are two minor misprints in the formula at the foot of p. 398; 
a > sign has dropped out and @ should be 9. With the values we consider, 
the lower sign in the formula must be taken. 
Line 4, p. 397: read K,,,2~(rt@r+/Fr, i.e. L for t. 


3695 N 
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or, on using (1.42), 





N 7 
Y r(n) | I—a/Nyias de [ Jy(Qrarve) dd. (2.22) 
n=0 0 0 


The coefficient of any non-zero r(n) in (2.22) may be written as 


7 1 
Need [ dg | (tye dg{Qarar (NO) dt 
0 0 


is 2 


‘— (—)m(atw*N)"T(m+e+1) ay 
Qs V(m+1)P(m+1)P(m+j+s+2) 


ny 
( 
0 m=0 


= T(j+1)Ns+ 


wherein the lower bound of a is positive.* Hence, on using the 
asymptotic formula (2.12) with 

x= r*oQN, a = 8s+l1, B =x I, y =jt+s+2, 
we see that the coefficient of a non-zero r(m) in (2.22) may be 


written as 
{T(s+1)/I'(—s)} | qr 28—2aqy— 28-2 of 1 
0 


7 7 


a i-tdé +N- [ B,w-*-4 dd, 


0 0 


where A,,, B,, are bounded? for all n, ¢ considered. 
Since the last two integrals are, by Lemma I, O(n+A)-*/-? and 
O(n-+A)-*-? respectively, we see that, when j > $ and s > 0, 


n<N 


> r(n)(1—n/N) Jgf2m,/(nA)}n' 


, bs wae [ d¢ 


2s+2]T"(—s) J {n+A—2,/(nA)cos p}§*1 + 


n=0 0 


+0(N*4-H) + O(N), 
where the infinite series converges in virtue of Lemma I. 
It follows that, if 7(A) = 0, then the series 


5 r(n)Jo{ 27r,/(nA)}n8 
n=0 


* This justifies the use, at the next step, of asymptotic values. Compare 1.4. 
+ The two cases (i) A not an integer (ii) A an integer such that r(A) = 0 
must, as in 1.4, be considered separately. We do not repeat the details. 
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is summable (R,j) when 0 <8 < j—4;, its sum is zero if 8 is a 


positive integer. 
2.3. The series in Jj. 
The details of this sub-section are much the same as those of 2.2; 
we give them in outline only. 
The summation formula (2.1) of Part I gives 
n<N 
> r(n)(l—n/NY sion (nA) }n* 
n=0 
a = Sv r(n) ( Jy{2a,/(na)}J,{27,/(Ax)}(1—ax/N)/a8 ds, (2.31) 
n=0 
or, on using (1.51), 
oe N 


> r(n) [ a—« N lacs dex [ Races comer) a (2.32) 


4 J ow 
' 0 0 


The coefficient of any non-zero r(n) may be written as 


7 « 
oe s+3 
Ty; 1 Te43 * 2 opel 
m1(j+1)N8t | (wWA—~vn cos baFi(, o+jte 7a ¥) dd, 
7 2,8+j+3 
0 = 
or, on using the asymptotic formula (2.12), 
; 7 
r'(s+3) [ VvVA—~vncos dh dé 4 
78+2T\(4—s) J {n+A—2,/(ndA)cos }§+# 


0 


+ Nstt- ( A,,(wA—~vncos ¢)a~!—? dd + 
0 s 
+N-1 | B,,(WA—~n cos ¢)w-**-5 dd, (2.33) 
0 
where A,,, B, are bounded for all n and all ¢ in (0,7). 
On using Lemma II, we see that, when j > $ and s > 0, 
n<N 
> r(n)(1—n/N YI {27,/(ndA)}ns 


n=0 





I(s+-3) ~ j Py ee 
5 7m) | dg + 


s+27(4— {n+A—2,/(ndA)cos g}**# © 


n=0 0 
+O(N*+t-#)+O(N~). 
It follows that, if r(A) = 0, then the series 


> r(n)J,{27,/(An)}n* 


n=0 
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is summable (R,j) when 0 < s < }j—4; its sum is zero if s is half 
an odd integer. 

2.4. First general theorem. 

We may collect the chief facts so far established into one theorem, 
namely, 

THEOREM IIT a. Jf r(A) = 0, then each of the series 


y 2 r(m)Jol2ery( (nA)}n8, s r(n)J{2z,/(nA)}n8, (2.41) 


n= 
is summable C.3) when 0 <s < 4j—}. If 8 ts a positive integer, then 
the sum of the first series is zero; if s is half an odd integer, then the 
sum of the second series is zero. 

The result of Theorem I is not included: it stands as the one 
example in which our method deals directly with series of the type 
(2.41) when s < 0. In general, when s < 0 the series obtained from 
the summation formula, e.g. (2.32), are no longer absolutely con- 
vergent, and so our previous method fails. In the next sub-section 
we show how Ananda Rau’s theorem enables us to deal with our 
series when s > 0. 

2.5. The application of Ananda Rau’s theorem.* 

In order to avoid irrelevant difficulties we consider the series of 
(2.41) less their initial terms; i.e. we consider 


¥ r(n)Jof2m,/(na)}n', 2, r(n)J,{27,/(naA)}ns. (2.51) 
n=1 n 
If a, denotes the nth term of either series, then, for large n, 
a, = O(n®-*+), (2.52) 


where 8 is positive but as small as we please. By Theorem IIIA 
each series is summable (R,n,7r) or, in our previous notation, (R,7r) 


where s > 0 and ¢ x 20-43-98. (2.53) 


We now quote, in a form diene to its application in the present 
instance, a theorem due to Ananda Rau. 

Suppose that a, = O(n*) and that > a, is summable (R,n,r). Let 
O0<x«<r. Then > a, n~? is summable (R, n,«) for 


a+1)(r—K 
jae 
as | 
* Ananda Rau, Proc. London Math. Soc. (2) 34 (1932), 431, Theorem 7. We 
put n in place of the Ll, of the theorem quoted. 
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We can apply this theorem, with a = 5—}+<8 and r = 26+4$+2s, 
to the series of (2.51). This gives the following result: 

If r(A) = 0, s > O and 8 is an arbitrarily small positive number, 
then each of the series 
> r(n)Jo{27,/(nd)}ns-2, yr J,{27,/(ndA)}n8-? (2.54) 
n=1 n= 
is summable (R,n,«) provided that 

0< Kx < 26+4-+42s, o > 3(28+4+286—nk), 
i.e. provided that x > 0 and 28s+-} > x > 28+4—2e. 

If we write k for s—o, we may increase s and o by equal amounts 
and obtain the same k. Thus for a fixed k, s may be as large as we 
please and the inequality 2s+-} > « may be disregarded. We have 
then, on writing k for s—o, 


THEOREM IIIB. If r(A) = 0, then each of the series 


@ 


S rin)of2my(nd)}n PA (n)J,{2ar,/(nA)}n*, (2.55) 


is summable (C,x) when x > 0 and k < }x—}. 


2.6. Before we proceed to the next type of series we note the fol- 
lowing fact. If, in 2.2, we put J,, (where m is any positive integer) 
instead of J, we find that the Riesz sum of the series 


x 

¥ r(n)nieS, {27,/(na)} 

n=0 
is zero when 1 = 0, 1, 2,..... The series is summable (R,«) for 
km+l < 4«—}. 
The pe requires, instead of (1.42), a formula which expresses 


the product Jef 2rra(nx)}J,,{2rr|(zxe)} 


as an integral. We have, in a former paper,* considered such 


formulae in detail. 
We have used J, and J, instead of J,, in order to avoid complexity 
in detail. 
3. Series of exponentials 


From Theorem III 8, which involves the functions J{27,/(nA)} and 


J,{2m,/(na)}, we can, by turning our attention to the asymptotic 
* Quart. J. of Math. (Oxford), 4 (1933), 193-208; (6.41) is the formula 


required in the present instance. 
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values of these Bessel functions, obtain a similar theorem concerning 


series of the type . 
> r(n)nsexp{27i,/(nA)}. 


n=1 
A direct attack, by our previous methods, on the Riesz sum of such 
series is too involved to make the attack worth while. The requisite 


analogue of (1.42) is too complicated.* 


3.1. We first show that, given any positive integer m, we can find 
polynomials P,(z-!) and P,(z-) such that, for large values of z, 


pee = * > ») 1 Ole—m-3 
ee = Fy(z 1)Jo(z) + A(z )J,(z)+ O(z a *). (3.11) 
On writing the asymptotic expansions (of the Bessel functions con- 
cerned) in a somewhat unusual form, we note that 
m—1 


m—1 
ziJ,(z) ~ cosz > A,z-"+sinz > B,z-"+O(z-), 
n 


n=0 0 


m—1 m—l 
ziJ,(z) ~ cosz } C,z-"+sinz > D,2z-"+O(z-"), 
n=0 n=0 
where the A,, B,, C,, D, are known constants. 
Hence we can, by simple algebra, determine constants ap, a4,..., %p_—1 
and fp, f;,...,8,,-1 Such that, if 
len Eh we 7 © ae 2 y—m+1 
Pi (z ) sae Mg Hy 2 soe T hm—1 © igen 
> fe—2) ae an z—m+1 
Piz )= Bo+B,2 i‘ s +B m—12 saab 
then (3.11) is true. For we have, in order to determine a, and f, so 
that (3.11) may hold, the two equations 
. . — 
%9 Ag t+PoUy = 1, %9 Bo +BoDo = ?. 
Having found a, and By, we have, in order to determine a, and f, so 
that (3.11) may hold, the two equations 
Y Y 
(a%-A,+aj Aq) +(BoO, +B, %) = 9, 
(av B,+a, By) +(ByD,+ 8; Do) = 9. 
At each succeeding step we have a pair of simultaneous equations, 
linear in the «,, 8,,, whose values we seek. 
3.2. Next we observe that, when s is given, we can find an integer 
m such that the series 
¥ r(n)nsO(n-*"-*) (3.21) 
is absolutely convergent. 
* Cf. Dixon and Ferrar, Quart. J. of Math. (Oxford), 4 (1933), 193-208; 
formula (6.35) must be used. 
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-With this value of m fixed, we note that, by Theorem IIIB and 
a well-known result* in the theory of Cesaro sums, each of the series 


> r(n)n8Jo{27r./(nA)}{ 27,/(nA)}-? (o = 0, 1,...,m—1), 
n=1 


vr r(n)n*J,{2a,/(nA)}{ 2ar,/(nA)}-? — 


n=1 


is summable (C,j) provided that r(A) = 0, 7 > 0, ands < 


3.3. Now consider the series 


s r(n)n*texp{2zi,/(nA)}, (3.31) 


n=1 
where r(A) = 0. 

By means of (3.11) we can express this series as the sum of 2m+1 
separate series of which, by the results noted in 3.2, the first 2m are 
summable (C,j) when j > 0 and s < }j—4, while the last is abso- 
lutely convergent. It follows that (3.31) is summable under the same 
restrictions on j and s. 

With a slight change of notation we have 


THEOREM IV. Jf r(A) = 0, then the seriest 


x 


> r(n)n*exp{27i,/(nA)} 


n=1 
is summable (C,j) when j > 0 and k < $(j—1). 
CoroLuary. The theorem is true when —i replaces 1. 


3.4. We now prove that a result similar to Theorem IV is true 
when the series (3.32) is replaced by 
> r(n)(n+b)*exp{27i,|(nA+bA)}, (3.41) 
n=1 
where b > 0. The necessary asymptotic expansion is dealt with in 
the lemma which follows. 


Lemma III. Jf «is real and n is large, then, for all positive integers m, 


m— 
(n+-b)keraivin +b) — nke2xivn >A n-" + O(nk-im), (3.42) 


where the A, are independent of n. 


* If > a, has a (C,j) sum, then ¥ a,n~? has a (C,7) sum for o > 0. 
+ The series without r(n) has the same scale of summability ; cf. Hardy and 
Riesz, General Theory of Dirichlet’s Series (Cambridge, 1915), 25 (5). 
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Let y = f(x) = x*exp(2aivx), and let y, denote d’y/dz’. Then 


Y, = yx*(ai+ka-) 
and, by induction, 
Tr 
-4 ~—} ~~ 
y, = gx D a, 2 (r > 1), (3.43) 
q=0 
where the «,,. are independent of ~. 
By Taylor’s expansion, 
b m 


f(n+b) = f(n)+0f'(n)+...+ me hn V(n)-- "fo" (n +00), 


where 0 < @ < 1, and, on using on in this expansion, the truth 
of the lemma is evident. 

Now take (3.41) and replace it by the m-+ 1 separate series indicated 
by (3.42), where m is chosen so that > r(n)n*-!” is absolutely con- 
vergent. Then, by Theorem IV, each of the first m series is summable 
(C,j) provided that r(A) = 0,7 > 0, and k < $(j—1). Consequently, 
when these conditions hold, (3.41) is also summable (C,j) and we 
have our next theorem, namely, 

THEeorEM V. Jf r(A) = 0 and b > 0, then the series 

s r(n)(n+b)*exp{ + 27i,/(nA+bA)} 
n=1 


is summable (C,j) when j > 0 and k < 3(j—1). 


4. Series in K, 

4.1. Now that Theorem V has been established, it is an easy matter 
to obtain the corresponding theorem for the series (1.11). The asymp- 
totic expansion 

x 
K,{2in|(nA+bdA)} ~ (n+b)-texp{—2zi,/(nA+bA)} ¥ A,,(n+b)-™, 
m=0 
wherein the A,, are independent of x, is all we need. 

Just as we deduced Theorem V from Theorem IV by the aid of 
Lemma III, so now, from Theorem V by the aid of the asymptotic 
expansion just given, we deduce the final theorem in the sequence, 
namely, 

THEOREM VI. Jf r(A) = 0 and b > 0, then the series 


s r(n)(n-+-b)°K,{27i,)(nA+-bdA)} 


n=1 


ro 27 -~ ly 1 
is summable (Cj) when j > 0 and s < $j—}. 
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Corotiary. If s is complex, then the final condition is replaced by 
R(s) < $j—}. 

A theorem which contains all we need know to enable us to inter- 
pret the (AB) sums of Part I as Cesaro sums is the following: 

TueorEM VII. Jf r(A) = 0 and 6 >0, then the series (4.11) ts 
summable C, i.e. it is summable (C,j) provided j be large enough. 

The theorem can be deduced at once from Theorem VI and its 
corollary. 
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BESSEL FUNCTIONS AS LIMITS OF LEGENDRE 
FUNCTIONS 
By E. G. C. POOLE (Ozford) 
[Received 24 January 1934] 
1. THE following essay was suggested by reading Watson’s account 
of the various methods of deducing Bessel’s functions from Legendre’s 
as limits, and is an attempt at a synthesis as elementary as possible. 

If the guiding analogy is geometrical, and based on the passage of 
polar coordinates near the pole of a large sphere into cylindrical ones, 
then we must follow the analysis of Neumann, Mehler, Rayleigh, and 
others. Of this Watson’s account, based on the use of Murphy’s 
formula, leaves nothing more to be said. If, however, we look merely 
at the differential equations satisfied by the respective functions, our 
analogy will be sought in a different quarter. This has been attempted 
by Olbricht, but, it would seem, with not entirely conclusive results. 
It is therefore worth while to show how Bessel’s formulae can be 
derived from those of the Legendre functions by a direct linear 
transformation of the simplest kind. 

It is better to start with either Riemann’s or Schwarz’s structural 
form of the hypergeometric equation, rather than Gauss’s form, 
which is best adapted for constructing the expansions in series. In 
the last analysis, a Riemann P-function is characterized by three 
exponent differences (A, , v); when two of these are equal, say A = p, 
Riemann’s quadratic transformation can be applied. Now the 
generalized Legendre functions are of this type; for we see that the 
interchange of x and —z produces no change in the differential 
equation 
¢ I — 2d Pn(@)| + fea +1)— onl ” Sots Fos | (1) 
da | dx j' | l—z*} * 

Accordingly we find, by Riemann’s quadratic transformation, 
—| 26 1 0 oC 1 
Pi 4m n+l fm 2x) =P{0 }n+1) fm 2 
—im —n —}m ; —in —t}m 
We observe a similar symmetry in Bessel’s equation 


?J,.(z 1 dJ,(z 
ye 1a 
dz z a 
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Accordingly, if we are to pass by a linear transformation from 

Legendre’s equation to Bessel’s, the singularities x = +1 of the 

former must be treated alike. The singularity 2 = oo of (1) must be 

identified with the regular singularity z = 0 of (3), so that we have 
for the exponent difference 

2n+1 = +2k. (4) 

This leaves only the parameter m at our disposal. We first put 
é = 1/x, giving the scheme 

—] 0 1 
P\ 4m n+l fms}, (5) 


—im —n —3}m 


corresponding to the differential equation 


2@ o\dy\ , { me | . 
81 (1— 8) + he +l) ly = 9, (6) 
dé | dé} © \@-1 J 
where é = 00 is an ordinary point. We now make a magnification 
of the é-plane, by putting € = iz/m in (6) and letting m tend to 
infinity. This gives in the limit 
i? ia 
te Henn tly = 0, (7) 
which is not very far removed from (3). 

Now, to fix ideas, let » and k be positive; the solution J,(z), 
corresponding to the upper exponent +, must be derived from 
Q"(x) ~ Ax-"-!, which corresponds to the exponent (n-+-1) at 2 = 00. 

To identify (3) and (7) we now put 

n = k—}, y = 2J,(z), (8) 
and the process is complete. 

2. We turn next to Hansen’s method, which is connected with the 
hierarchy of series of hypergeometric form 

a.6 .. a(a+1)b(6+1) 2. (9) 


oF, (a,b;e;2”) = 14 Wubi & 5) x?+..., 


,F,(a;¢;x) = lim Ala, b; 5 


b 


bx 


= 14 94 Pi. ss 
l.c 1.2.c(c+1) 
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oh (c; 2) = lim A(ases?) 
on a 
ee rk S . x3 rs (11) 
” l.c' 1.2.c(e+1) 
We have Kummer’s linear transformations 
of, (a,b;c;x) = (1—2x)*-*", F, (c—a, c—b;€; 2), (12) 
17,(a;¢;x) = eK, (c—a;c; —2). (13) 


There is quadratic symmetry when c = 2a, and then we have Kum- 


mer’s quadratic transformation 


of (p+4; 2?) = e-*F(p; 2p; 4z); (14) 
= e*, F,(p; 2p; —4z). (15) 


The place of Bessel’s series in the scheme is indicated by the identity 
ok 
ey ee eee 
K?) 2kT(k+1) 


This shows that we must use the quadratic formula (2), so we write 


( ~ 
" ” : ) ve 1 
a2} — Pli(nt+1) 0 4m 


P\O 43(nm+1) 4m 
0 we ] | 
1 
0 


1 1\” 2 1 
= 4 (1-5) f 0 $(m+n-+1) 3" (17) 
—n—4t 3(m+n+2) —m 


oF (k-+1; —22/4). (16) 


, —4n —km 


| 
3 
rol 
top 
> 
S| = 
\\ensinsitinttnapebaaaina” 


Thus the series occurring in Q7"(x) will be 





+ +m-+2 ¢ 
i A(t +1 : — tee +53 =) (18) 
Now with Hobson’s notation we have 
me) = = D(n+-m+ Banat = =) ®. (19) 
Qe+t I'\(n+3) ro 
By Stirling’s formula we have, when m is large, 
D(in+m+1) ~ m"1D(m), (20) 


and lim ( - =i) “ 1; (21) 
y 


mo n* 
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so the asymptotic form will be 
mii r Tr -_ : 
Qn -~ (m) (3) (j2ynsa lim 8S. (22) 
I'\(n+3) mx 


Now S > ,F(k+1; —z?/4), when n+4=k and moo; I'(n+3) 
corresponds exactly a gee in (16); 2”+1 — 2*+4, and 2* appears 
also in (16); so that on collecting terms we have finally 


Or ~ exp{mmi+t 3(k+ })ai}D'(m) on 27 (2) (23) 
shay OXF wes Sad g) “Ke 2 


The analogue of Kummer’s linear transformation formulae which 
would lead to expansions of J,,(z) of the type indicated in (14), (15) 
is indicated by the relations 

—l 1 


—] oO ] : 
l+a m/z . 
P\ 4m n+1 im 2 1 Pi 0 n+1 
—im —n —4}m —m —n 
—l oO 1 


l—z ml2 
(3) 0 n+1 0 (24) 


nm —n —m 
3. The methods of Mehler and Rayleigh are based on a comparison 
of the integral representations of the Legendre and Bessel functions. 
Gauss’s equation 
a(1—a)D®y+[c—(a+b+1)x|Dy—aby = 0, (G) 
is soluble by the ‘Eulerian transformation’ 


y= [( u—ax)F-f(u) du, (25) 


and the classical result is Euler’s formula 


1 


of, (a,6;c;2) = = [ 1-41 at) at (26) 


Kummer’s equations 
xD*y+-(c—x)Dy—ay = 0, (K 1) 
xD*y+cDy—y = 0, (K 2) 
are soluble by ‘Laplace’s transformation’ y = f e”f(t) dt 
The integral (26) converges when c > a > 1 and |x| < 1; there is 
quadratic symmetry when c = 2a = 2n+2, say; if $(1+-¢) be written 
for ¢ in the integrand and the latter be slightly rearranged, we obtain 
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a representation of Q(x) valid for |a| > 1, of the kind used by 


n 
Schlafli and F. E. Neumann. If M denotes some constant, not neces- 
sarily the same at each occurrence, we find 

I 
Q” (x) a M(x?— 1)m/2 (a—t)- n—m- 1(] —¢?)" dt 


n 


1 


- M(x?—1)m/2 [ (a—cos 0)-"-™-1sin?” +19 dé 


0 


m/2 2A —n—m—1 
Ma-m(1— 5) | (1 a * sin?"+19 d@. (27) 
0 


x x 


We evaluate the limits of the outer functions as before, obtaining 
a multiple of z"+! = z*+4; and we remove z! and pass over to the 
notation for Bessel functions 


- 1z> COS —m—k—-} 
J,.(z) = Mz lim [ (1. ae " sin?*@ dé 


mx m 


= Mzk [ exp(iz cos #)sin**6 dé, (28) 


0 
by uniform convergence under the integral sign; this passage is easy 
since we are only considering k > 0 and the range is finite. 

This accounts for the Poisson-Lommel formula 
2k r 
FT(k+HT (A) . 


0 


cos(z cos #)sin?*6 dé, 


J.(z) = 


within its range of convergence R\k| > —4; for other values of k, 
we use a parallel line of argument based on the double-loop contour 
I interlacing ¢ = 1 and ¢ = —1, and arrive at Hankel’s type 
Jez) = Mz [ (1 —0)%*— dt. (30) 
r 
4. Although appearances are to the contrary, Bessel’s formula, 
for integral values of k, 
27 
1 , 
Jj.(2) = 5- [ cos(k@—zsin @) dé, (31) 
a7 
0 


depends on the quadratic transformation. This is rendered obvious 
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by the generalized Sonine-Schlafli forms 
(0+) 


Ke) = gr, { w-ttexp| Jo(u— 7) a (32) 


(0+) - 
_ rr a | rexp|t—F] dt. (33) 
x 
In the upper integral we have taken the real part of z to be positive; 
otherwise the infinite path must be swung round to ensure con- 
vergence. This formula is arrived at by solving Kummer’s second 
equation by Laplace’s formula. 
There are two ways of solving Kummer’s second equation (K 2) 
by Laplace’s method, leading to the twin formulae 


y= | emh +h ge—2 dt, gy = ge | em +t dty; (34) 


these are (as it happens) transformable into one another by putting 
t; l/at,. Now Jordan’s rules for assigning contours give (i) a small 
circuit C near the origin, enclosing it if the integrand is uniform, 
but in other cases entering and leaving it so that the integrand 
tends to zero; and (ii) a loop from infinity L, enclosing the origin, 
so that the integrand tends to zero at the ends. When we pass from 
i, to t, (except when c is an integer), L, becomes C, and C, becomes 
L,; but when c is an integer, the small circuit near the origin gives 
a null result in one case or the other, except when c = 1 and the 
two forms are identical. Thus, with c = 1+ 2k, the contours (C,, L.) 
will in general give J,(x), say, while (C,, L,) give J_,(x); but, when 
k is an integer, (C,, C,) both give multiples of J,(x) = (—1)*J_,(2), 
and (L,, L,) give Y,(x). The Bessel integral is difficult to manipulate 
in the complex plane, unless we separate the portions corresponding 
to the two types of integral (34). 

If we take one of the appropriate series given in Hobson’s 
treatise :* 


m/2 n+m-+2 l 
Q?"(a) Ma--1— =) A(t, n-+-mM- n+3; F 


= 2 9 


ror nt+m+l1 n—m-+2. a 1 
M (x?—1)-* "2h -_ y ; m+3; 1—2z2 


= M(x2—1)m2f-"-m-1, F.(4-+m, n+m+1; n+3; ¢-*), 


* loc. cit., pp. 195, 219, 234. 
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where £ = 2+(x2—1) ~ 22, we observe that the lower parameter c 
has the correct value n+3 = k+1 in each case. Hence, if we proceed 
to the limit in two stages, the first stage gives (by uniform con- 
vergence under the integral sign) a formula of the type 
(0+,1+,0- sa~) 
y= | eya-1(] —¢)e-2-1 di, (35) 
A 

which is the Laplace solution of the first Kummer equation (K 1). 

Expansion in powers of x and evaluation term by term, by means 
of the generalized beta function, gives 
(a) \(ec—a) 

I(c) 

The significance of the first two factors is that Kummer’s equation 
has a solution expressible in finite terms, when one of them vanishes; 


y = (1—e27!a)(] —e27ic-a) f(a; ¢;2). 


for we see from his relations 
17,(a;¢;x) = e*,F,(c—a;c; —2), | 


ai—, F(a—c+1;2—c;x) = 2'!-e*, F,(1—a; 2—c; —z) J 


(37) 


that one of the four series is terminated, when @ or (c—a) is an integer. 

We may decide, however, to fix attention on that solution of the 
differential equation which takes the value unity, when # = 0; we 
then put x/a instead of x in that solution and rewrite it as follows, 
by means of Hankel’s contour integral for the reciprocal of the 


gamma function, 
wo (0+) 
7 x 5 a(a-+-1)...(a+r—l1) a” f¢ 
i(ases2) = Ic) 2 “ Jf | evu-"— dr 
a 


a’ .r! Qi | 


r=0 20 


(0+) . 
ae a(a+1)...(a+r—1) | du 
ura’r! ae 
® r=0 
(0+) 


re) [ ew-*(1— =) , du. (38) 


271 au 


x 
Since we may open out the contour as much as we please, so that 
z/u shall be everywhere as small as we please, we can evaluate the 
exponential limit under the integral sign. In accordance with (11), we 
obtain (0+) 
‘¥) ertzluy-¢ dy, (39) 
2a 


—2 








BESSEL AND LEGENDRE FUNCTIONS 193 
We can express this in the form ‘t,’ of (34), by putting w = 1/t,; 
but we must then use the small Jordan loop near the origin. 

5. We must now indicate the method of passing directly, at one 
operation, from Q’"(x) to J,(z), where we now return to the notation 
«= miiz,n+4—=k. We begin by recalling the group of quadratic 
transformation formulae of the hypergeometric series, due to Gauss 
and Kummer, which is summed up in Riemann’s relations (where 
B+y+P'+y’ = 4), 

ae 
2B y ft 


|e o> ee 
= =P} B 2% B lea (40) 
Boy’ B 


This relationship is expressed by Whipple’s formula 


1 
e-™7iQ” (cosh «) = ( a PP omtn+1)P m4 (cotha). (41) 


2 sinh a 
\s the constant has already been determined in (23), we henceforth 
omit it. To make the analysis manageable, I restrict k to be a positive 
integer; and I use Rodrigues’s lemma to justify the replacement of 
P-"~4 (coth a) = P-*_,(coth a), bya multiple of P*,,,_,(coth a), when, 
as I shall also now determine, (m-+ 4) is restricted to negative integers 
as it tends to infinity. If (m+ 4) = —m’, we have then 


Q .(cosh «) = M sinh-!x P*(coth «) 


m 
7 


= Msinh-'a | (coth a + cos wcosech a)” cos kw dw, 
0 (42) 
by the Laplace formula, which will be evaluated as in the methods 
of Mehler and Rayleigh: 


Tv 
Qe ,(cosh «) = Msinh-tacoth”’« [ (1+-cos w sech a)” cos kw dw. 
0. (43) 
Now when cosh « == m/iz, sinha = (m?-+-2?)!/iz, 
z2\-4 22 22 
coth a = 1+ — = 1+0O oe i» coth” « = 1+0O(— . 
m* m* m 
3695.5 re) 
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Thus the expression is reduced to 





m | 4 —m-} 
} = Ms? [ ( + — cos a) cos kw dw. (44) 


tz m 


lim Q7 ( 
- 


mm, 


e 


By uniform convergence under the integral sign, this gives, when 

k is an integer, 

: m [m . Pe . 

lim Qf ,(—}] = Mz-? | e*°~coskw dw. (45) 
= *\iz 


m OY 


0 
We see that this agrees with the representation of the Bessel 
coefficient of integral order 
7 


J,(z) = ; [ cos(k@—z sin 6) dé. (46) 


7 


0 
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ON VAN DER CORPUT’S METHOD AND THE 
ZETA-FUNCTION OF RIEMANN (V) 


By E. C. TITCHMARSH (Ozford) 
[Received 28 February 1934] 


1. In the third paper of this series* I gave a proof of the formula 
. 
| |¢(3+-at)|? dt = T log T—(1+log 2n—2y)T+O(T!log T), (1) 
i 
the O-term of this order being due to Ingham. I now carry the 
approximation a stage farther, proving that the last term is 
O(T*log?T’). It is no doubt possible to make further improvements 
with still more complicated analysis, but I give the simplest argu- 
ment which improves on the known result. 
The improvement is made possible by using the formula 
k 
e®Z(14 it) = 2 S cos(6—tlog) 


Vn 
n=1 


_1)k- cos{t— (2k-+-1),/(2at)— $a} 4s 
+(—1) z)'° aaa +O(t-!), (2) 
where 
= —gamx(b+it), (8) = wd —46)/T(49), 
and a [V{t/(27)}}]. 


This formula, due essentially to Riemann, is proved by Siegel.T 


2. Let the three terms on the right-hand side of (2) be denoted 
by f,(é), fo(t), and f,(t) eeieiiaiien, ti Then 
i 
Fic-+inieae— F(gioyrae + [ ionrae + f tssoyeae + 


+2 | 01 t)dt + 2 {nu \fs(t) dt + 2 f st ae 


We can dispose at once of the terms involving f;(¢). We have 
T r 
| {fal}? dt = | O(t-#) dt = O(1), 
i 1 
* Quart J. of Math. (Oxford), 3 (1932), 133-41. We refer to the previous 
papers as I, II, etc. 
* << L. Siegel, Quellen und Studien zur Geschichte der Math., Astr. und 
Physik, 2 (1932), 45-80. 
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rT 


t)f,(t) dt = { O(¢) dt = O(log 7). 


and [ Sol 
1 


1 


Also, assuming for the moment that 


- 
| {f,(t)}? dt = O(T log 7), 
1 


(which we shall prove a we have 


T 1 
[pln gald) ae <| | thle? a f o(t-) at\* 
iT es iT J 


- {O(T log T) O(T-)}! = O(THog!T). 


Replacing 7' by 47, +7,..., and adding, 
& J 2 4 3 ? t 


[ pfatt) dt = Off T'+(47)+ (47)!+...}log!T] = O(THog?T). 
3. We have next 
J —— re Bi s(d—t log m)cos(#—t log n) 
| (f,()}2 dt = 4 | 3 Z. sa a dt 
| KK. J 
= 4 2 2. (nn) | cos(#—t log m)cos(d—t log n) dt, 
where 7, = max(27m?, 27n?), K = [,/(7'/27)], 
KK - 
= 2 Pa FS | cos(tlog m/n) dt + 


K K r 
ee 
+2 - sf 29— 
> > Gn) | cos} tlog(mn)} dt 
7; 


m=1 n=1 


mr Ss T— 2a" Le sin(7' log n m4 ae n/m) _ 
a =i, (mn) )tlog(n/m) (mn)*log(n/m) 


n 
n=1 mon 
il S 5 sin{27n*log(n/m) ar > sin{2mn*log(n/ |m)} 
} j 
(mn)tlog(n/m) (mn) }log( 
m—n< 2m B( , g( "/ /m) 
; K ] T 
+2 > . [ cos 2(8—t log n) dt + 
n= ann? 
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T 
1 
+4 P 2 Z (mnt ) cos{2d—tlog(mn)} dt + 
+4 > > ws rf cos{29—tlog(mn)} dt 


= 2U, +-4U, +4U,—4U,—4U,-+ 2U,-+4U,-+4U,, say. 

It is well known that 

Ss ae log K+ . +O J + on = 4K(K+1) 
a Y+oKR Re)’ =*¢ . 


m=1 
m=1 


Putting K = ,/(T'/27)—é, so that € = O(1), we obtain 


U, = T( Hog —¢ [F ++, [5,+0(7)) — 
EWE 


= $T log T—}(1+ log 27—2y)T+ O(1). (3) 


4. In U, we use § 3.2 of paper I, which gives 


S n-teiTloen — O(Tlog T’). 
£ 


n=2m 


Since log(n/m) is monotonic and exceeds A in this sum, it follows 





by partial summation that 


K eiTlogn 
p —__ = O(T log 7). 


} . 
os log(n/m) 


Hence 


+" e—tT logm > eT logn on S O(T*log T) 


: n*tlog(n/m) m$ 


a Ss mt 
= O(K'Tlog T) = O(T*log T), 
and, on taking the imaginary part, 
U, = O(T*log 7). (4) 
In U,, 1/log(n/m) is unbounded. We write 
O.= JF + QZ tons 
}K<m<K 1K<m<tK 
giving O(log 7’) terms. Each is of the form 
» = + > = 8,+8,, 


1M “ms M m<n<2m $M<m<M m<n<m+A 34M<m<M m+Axn<2m 
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say, where A is a function of M and 7’ to be chosen later. Now 


g sin| _— val 
Dy = j 
m(n log{(m--r)/m 

r<A 4M<m<M \ fs ry}! Si q 


and, as in § 6 of III, it follows from Theorem 1 of I that the m-sum 
is of the aaitin O(M-?Tr-) + O(M!T-4r-). 
Hence 
S, = O(M-?T!*)+ O( MT) = O(M-*T**) + O(7'). 
If M > T* we take A = AM?T-3, and obtain 
S, = O(M*T*)+0(T!) = O(T'*). 
Also S, is the imaginary part of 


as mt nit 
Ss; = , 5 
: m* n*log(n/m 

$M<m<M m+A<n<2m 8 ) 


Now by Theorem 2 of I, with f(n) = (27)“*T log n, 
> niT — O{(N’—N)T*N-*}+ Of(N’—N)ENIT—4}, (5) 


and the second term can be omitted if N’—N > AN?T-i. Hence 
nil 
n'log(n/m) - mi acee te ae ese 
_ of __2 AT*M- or 4 AT*M-* 
| Mlogs(m-+-A )/m}* M'log{(m--2A)/m} 
= O(T*4+47'4+4Tt+...) = O(T Hog T), 

and S; = O(M*T'log T) = O(T*log T). 

If M < T', we obtain directly 


pec Sass A> a m} > 3)-0 al 


m<T* 


Hence U, = O(T*log?T). 


m+A<n<2m 


5. In U; we have to consider sums of the form 
> e27in‘log(n|m) 
n 
Taking f(x) = x*log(x/m) in Theorem 2, so that f” (2%) = 2/2, we 
obtain, for NV’ < 2N, 
N’ 


¥ e27im) — O(N. N-*)+O(N?. N+) = O(N?). 


N 
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wer KE e2min*log(n|m) = ™ a 

ence Pe ea oes O(K4log K) = O( Tog T), 
and, as in the case of U;, we obtain 

U; = O(T *log 7). (7) 

Dividing up U, in the same way as U,, let > and >, be the sums 


corresponding to S, and S,, with A replaced by AM. Then 


a S sin[ 27(m-+-r)"log{(m--r)/m}] 
oftin swe Se, i m'(m-+-r)tlog{(m-+-r)/m} ~ 
The denominator is r+ O(r?/m), and we replace it by r with error 
ge 0°) = O(Mi) = O(T). 
r<AMit 41M<m<M - 
The m-sum now depends on > e?7‘™), where 

21. t+r ir r4 
ei ae -L. 2] _— 9 ‘(z) = —_— — O ie 

fle) = (a+rV"log* re, fa) = —5 5 +0(5) 

If r < AM with the A small enough, Lemma 1 of I gives 

¥ eerifim) — [ e2rifx) de +. O(1) = O(M?r-), 


and we obtain for r > M* 
> O(M*r-*) = O(M?-8*) = O(T!-1+) = O(T 4), 
r>M*« 
ifa = 4. Again 


(m+r)*log 


m+r lr (5), 
m 


= rm-+3r?+-— —+O/— 
Tat 3m m? 
l Darp3 4 
sin{ 2a(m-+-r)"log +"! = (—1)sin — +O ia : 
| > om | 3m m2 
and the O-term contributes 
y 3 } = 9) = OTs). 
m* 
r<M@ 1M<m<M 
We are left with the sum 
—_ r 9 3 
7 sin — : 
rom«= "  4M<m<M -_ 
The terms with r and r+ 1 together give 
oe 2ar> 2. ™ ttt) tt = 
+-1) 3m—s r+ 3m 3m 
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and we obtain 
r — = O(M*™) = O(T*). 


m 
r<M* s}M<m<M 


Hence . — O(T*). 


Next, as in U;, we have 


< 


2M 


e27in’ log(n/m) a Of(2 — N)N 4 O{(N’—N)tN*}, 


and the second term can be omitted if N’—N > AN. As in the 
case of S, we therefore obtain 
7 e27in* log(n|m) 
, 2 log(n/m) 
O(M*+4M?+...) = O(M log T) = O(T* log T), 
and it follows that >, = O(7'* log 7’). Hence 
U, = O(T* log?T). (9) 


4 


M+AMi<n<2) 


6. In the remaining sums we use the following lemma: 


Lemma. Jf m and n are positive integers 


* i(tlog 5 t__t-in) 
e sc dt = mn+O(1) (m =n); 
Onn? 
2min® (log ” —Slog* mn) ~ 5 — ] 
=o “ * | eit™(®-) dQ +- of | (m<n< Am). 
; \(n—m)4} 


n 
nlog 
S m 


Consider the integral 


x 


r:— eiltlog(/A)- t dt, 
AFA 
where 
A = 2nmn, A+6A = 27n?, 5 = (n—m)/m, 


so that 0 <6 < A. Putting ¢ = A(1+5+2), we have 


a Bip pti 
T=} | e'A(1+8+2){log(1+8+2)-1} dz a( + = AJ, +p), 
0 0 prip 
where p = aA-*, and a is a (small) constant. 
In J, 


eiNi+5+2)log(1+5+2)-1} — gid{(1+d)log(1+8)—(1+8)+clog(1+8)+42°/(1+8)+O(/2)")} 


— gid{(1+d)log(1+8)—1+8)+2log( +8)+4211 +9) 1 + O(A|z|8)}. 
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Hence 


pip 
eiA(1+S)log(1 +8)—(1+8)+2log(1 +8) 4427148) dz + 


pv2 a A P me 1 Ap? 
= plog(1 +8) tee | 

+0(r | ew . = *p* dp), 

0 

If 5 = 0, the last term is 


ofr [ erps ap) — O(1)d), 
; 


and, if 5 > 0, it is 


O(n [ e—Avdps ip) = O(A-83-4). 


0 


A 1 Ap 


i)oo 


tis 2 — “plog(1+5)— 5 ‘ 
eiAfclog(1+8)+427/(148)} dz — o( so 21+8 “y) 
v2 


(1 Up 


— ol ( e-AAp* ap) = O(e-4"). 
Hence ws 


ET ams f eta +btoea +8 (1+8)+2log(1+8)+427/1+8)} dz 4+-O [min( vans) 


i= 


A 


0 


where the integral may now be taken along the real axis again. 
Putting 2-+(1-+8)log(1-++8) = {2m(1-+8)/A}46, 


the integral is 


In(]--§))1 i 5 
(2m(1+8))3 eiN(1+S)log(1 +8)—(1+8)—4(1 +8)log*(1 +8)} ei7® dé. 
/ 1§)); 

A (a 148) bog +8) 


@ 


ented ~m_1),,2n ° 
1 ar (log m glog 8) 
m n log(n m) 


ei™® dé. 


This accounts for everything except J,. Here, putting z = u+ty, 
and writing 1+6+p = a, 
3(1+8+2){log(1+8-+-2)—1} = I[(a+ty)f{log(a+ ty)—1}] 
= hylog(a?+y?)+ «arctan(y/a)—y = ¢(y), 


say. Then 
¢'(y) = Flog(a?+y?) > log(1+p) > Ap, 
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and $(u) = ploga+O(u*) > plog(1+p)+O(u*) > Ap’, 
if » is small enough. Hence 


y 
- | $y) dy + du) > Anty—e)+4p*, 
and J, = of | e-AAuy—p)— Aru" ay) — O(e-4"), 
Be 

The result for m < n now follows, and, since 

{ ei™(F—2) dQ - 

0 
so does the result for m = n. 


7. Next consider U,. We have* 
= Mlog(t/27)—H—Ar+O(1/t) = 9,4 O(1/t), 
say. In U, we can replace # by #, with error 


K r 
> - | o(;) dt — O(log?7’). 


n=1 2 
27mn* 


x 


[ cos 2(8,—tlog n) dt = o( 


] 
; log(7'/ sa stoga) 
and, if n = K—r, 
log(7'/27)—2logn > 2{log K—log(K—r)} > Ar/K. 
Hence 
K-1 es 


b | cos(28,—tlog n) dt = Ss yO + xl; ) = = O(log T). 


n=1 T _— 
The term with n = K is 
Of( 1 —2nK*)/K} = O(1) 


Hence, by the lemma, 


->; j cos 2(3,—tlog n) dt + O(log?7’) 
ui on 


1 
> sol! | + O(log?7’) 
n=1 \ ‘ x 

— 7K + O(log?) = (4rT)!+ O(log?7). 


* See IV. 
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8. In U, we replace 3 by 3, with error 


Za <~ (mn) | sin(d—#, )cos(#+-3, —t log mn) dt. 


nae 
m- 2m 2Qnrn? 


Since |#—#,| is steadily decreasing and is O(1/t), so is |sin(@—#,)|, 
and by the second mean-value theorem the integral is 


g 
o(-3) [ cos(0-+9—tlog mn) dt. 
n*} J 
Now d oe ra 
qet 3,—tlog mn) = log sam t 5 >A log 
so that the last integral is O{1/log(n/m)}, and the whole error is 
K m 


"i ] 
o> pi mn! log(n/m) )= (> 32 m2 p3 )= = O(1 


m=1 m—n<2m 


Hence 
=> Se if cos(23,—tlog mn) dt — 
(mn)! 


oy 
MONS 2N 2nn? 


i 8) 


> > ani J cos(23,—tlog mn) dt +-O(1) 


ma—n<2m 
U;+U7+0(1). 
In U! we use the lemma. If n = m-++r, 
x x a 2 
eit) dg — eim™(—-1) dg — eim(F—2) dp +0(7), 
e J d m 
nlog(n/m) r+O(r?/m) r 
and 
e27 min*{log(n/m)—t log*(n/m)} — — e27i{mrtr’ +O(r*/m)} — 1+ O(r°; ‘m). 


Hence 


e27 mrin*{log(n/m)—4 log*(n/m)} | eit - —) d dé = oe { ein? -) dé +0( } 
n log( n/m) r 
the last integral being O(1/r). Also 
[etm dg — 


nlog(n/m) 


in(@?—))]° . eit? —-2) 
e d0 


Qin J 62 
nlog(n/m) nlog(n/m) 


ei {n* log*(n/m)—3} 3) 


2ind 


~ Qian log(n/m) ry" 
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Hence, putting n = m-++7, 


oo 


U; = ( pe: + > ) . [ cos(29,—tlog mn) at 


mn)* . 
27rn* 


K-1 ( \q mag 
“Re Mm--T\< ne 
= 2 > 2 ( a | cos 77(6?—} 


m 


m<n<m+mt mt+micn<2m 


. 


m=1 r<min(mt,K—m) | 


(sin 27{n? log(n/m)—}} , 40 1 
| (mn)' log n/m (n—m)? 


mt+mtcn<2m 


The two O-terms give 


> + A> > 3)- (> 2) = on = ocr, 


m=1 r>mt 


The main part of the second sum is similar to the sum >, of § 5 
except for the term —}. The only change in the argument is that, 
in the formula corresponding to (8), we now write 


sin 2r{(r3/3m)—}} = O(1 


and obtain the sum 


22 fn, an = > O(m-) = O(K*) = O(T*). 


m 
m r>mt 


We therefore obtain 


m 


1 ? ee ae 
U! = 2n S > (“=F cos 77(6?—}) dé +O(T'* log*T’). 


m=1 r<min(mt,K—m) - 


We replace the factor “skh m}* by unity, with error 


K 


m=1 r<mt 


Also 
— {  sinz(r?—} l l 
cos x(62—}) do = > {_ San" —4) | o(1\\ _ 
5, j ~4) $ | 2nr rs | 
so that we can replace the upper r-limit by infinity with error 


ols max (5 3 ) —_ O(K*)+ O(log K) os O(T*). 


m*’ K—m)} 


m=1 
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Hence 


ie 8) 


> | cos 7(62—}) dé + O(T'* log?T’) 


~ 


cos 7(62—}) dé + O(T'* log?7’). 


9. Next 


=> pa Bee as 
m<n<2m (mn) 29; (7')—log mn 

“et , sin(28,—tlog mn 
a | ; ( 1 p84 ) at 


om 4 9.9’ — y 
m<—n<2m (mn) T (20; log mn) 


= V.—2%. 


The sum V, depends on 
et Tlogmn 


> 2 (mn)* log(T'/2amn) 


man 
If m < 4K, log(T'/27mn) > A, and the sum is O(7'* log 7), by our 
standard argument. For m > 4K, we write the n-sum as 
- a > +.... 
(—-Ti>n>K-2Tt K-2Tt>n>K-3T! 
In. the (¢+1)th term 
log(7'/27mn) > 2log K—log K—log(K—qT") > AqT*/K. 


Hence, by (5), 

ms eiT logn ( TTtK-* ) = (=) 

—_=0O O 
tlog y tq J"t ‘ 
_ fae one™ log(7'/2~7mn) KigT* K- q 

and summing with respect to m and q we obtain O(T*logT). In 
the first term, if m = K—np, 

2log K—log(mn) > log{K/(K—,)} > Ap/K, 


and we obtain 1K 1 
— = O(T* log 7). 


p=1 n=K-—Tt B 
Also, using the second mean-value theorem in V,, we obtain 
K-—1 min(2m,K) 
oft > 3 . \, 
- mn)*(2 log K —log mn)? 
m=1 n=m+1 ( ) ( 8 8 ) 


n < 4K, 2logK—logmn > A, and this part is O(T- 
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m > $K, let m = K—p, n = K—v. We obtain 





tK 34K 








1 1 
olt 
\7 2 2) K{2log K—log(K —)—log(K —v) = 
fad Vv 
] 
77) pes )} = O(1). 
- On 23 es (1) 
Hence U, = O(T* log T). (12) 


10. In U,, as in U;, we can replace # by #, with negligible error. 
We obtain 


a? by Ra +, (T')—T logmn} _ 
mn) 29;(7')—log mn 


> > 1 sin{2d,(27n*)—27n* log mn} | 
(mn)? 29 (27rn?)—log mn + 


n>2m 














T 


en af 9,9. __ 
[ 9; ) 1 sin(2d, tlogmn) 4, 


9 s. 
- mn)* (2%;—logmn)* 


© 


o- 2m<nck 


= W,+W,+W3. 
In W,, mn < }n? < T'/(47), so that 
23)(7')—log mn > A, 


and our standard argument gives O(7'* log 7’). Similarly, 


- 
W, = | o(; oe log t) dt = O(T'* log T). 

Finally, W, is similar to U;, and so is O(T*log7'). Altogether we 

have proved that 


, 
| {fi} di = T log T—(1+log 27—2y)T'+ 
1 


+ (2nn)[1+4> [ cos n(0%—}) dd} +O(T"# log?) (13) 
r=1° 
11. We have next 
" * cos%tt (2k+1),/(2at)—4m} dt 
(F (t)}2 dt = (2n)t cos*{t— 2nt)— 37} 
| UalOP dt = (2m) | cos®,/(27t) ve’ 
1 
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where k has the value q in the interval 27g? < t < 2n(q¢+1)?. Hence 
T 2n(q+1)* 


[ cro dt = (2m) 3 [ cos*{t—(2q+1), |(2mt)— 4m} dt 


; 7 cos?,/( 27) vt 
1 @ 2nq? 


where q varies through values such that these integrals add up to 
the previous integral over (1, 7'), the end integrals being taken if 
necessary over part of the intervals stated. Putting t = 27(q+u)?, 
we obtain 

r 


[ {fale}? dt = (2myb > [ SOS PaO) a1 2mt du 


cos? 27ru 





. 


J 
i 1 0 


1 
[ cos? 27(u?—u—}, 


cos? 27ru 





= 4r 


« 


“ 0 

The number of terms is ,/(7'/27)+-O(1), and each is O(1). Hence 
r 

{ f,(t)}? dt = 2./(24T?) [ 


. 


1 0 


1 
cos? 27(u?—u— (— 16) du +0(1). (14) 


cos? 27ru 


12. The last term to be considered is 


i 
2 | fltyfult) at 
L 
tian cos(P—tlogn), _,,,_,cos{t—(2k+1), (2zt) — hn} dt 
a . J2 Vn a cos 4/(27t) tt 


K 


— 4(27) t WS Si ja- ly 
Viv 


1 q=n 
2m(q+1)* 
“ | 


bas 2 
27rq* 


cos(#—t log n)cos{t—(2q+-1), |(2at)— 4x} dt 
cos ,/(27t) te’ 


the g-sum being formed with the same convention as in. the last 
section. Putting ¢ = 27(q+u)?, we obtain 


I = 167 [ F(u)G(u) du, 


0 
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where 
ae 
F(u) = = — (—1)*-1\(¢-+u)cos{d— 27(q+-u)? log n}, 
n=1 ™ q=n 
G(u) - cos 2ar(u>—U— ig) 


cos 27ru 


Let F,(u) be obtained from F(u) by replacing # by 3,. Then 


P(u)—F(u => 5 > oft) = O(K}) = O(7). 


q=n 


Hence it is sufficient to consider 


- =. I ¢. i. q+u 1 ) 

gq—1 s yt . 1 

F,(u) = } = > ( (—1)*-1/(¢+u)co: ee (q+u)? (le s -5 a7 
q=n 


Writing g = n-++7, 
3 
(q+ w)*(log ) = —$n?+(r+u)?+ of"), 
n “ 


cos! 2; a(q+u)? log?” _! —lr 
| n 2 | 


' rs 
= (—1)" cos(4n7ru+ 2ru?—47)+0 al? 


and, summing over r < n%, the O-term gives 


K K 
SLY of2) = ¥ o~y = or 
_ Time Vn pa ite li 


n 


Also we can replace ,/(q-++u) by Vn with error 


K 

>.> Az) Ol) — O(T*). 

a Vn 4 ~ \vn =do oe 
Taking « = }, and — R = [n*], we therefore obtain 


I’ = 16nr : { G(u) ») (—1)'-1 cos(4aru-+ 27ru?— 42) du. 
r=0 
15 

Since G(u) = G(1—u), we have, on replacing u by 1—w, and adding 
the result obtained to the previous one, 

x 2 R 

I’ = i6n > G(u) cos 27(u?—u—}) 2, (—1)* c0n( tere} 2erm) du 
n=1°* r 


= —87 ¥ | {G(u)}[cos{4x(R+ 1)u}+1] du 
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. K 
= —8rK | {G(u)}?du + > O(R-) 
< n=1 
1 
—4(27T')! | (u)}* du +O(T*). 


0 


: | 


In the terms with r > n* we write 


[ (q+ u)eos| 2m(q-+ u)* [log 3)- in| G(u) du 
J n 2 





Ss lo ] 4 ms . 1 la ; 
sin[2n(q+uy og me am 7(u) 
ome (Ez “) 

0 


1 


- | sin| 2m(0- a(q+ w)tlog(** =a 3)— | x 
( G’(u) G(u) G(u) 
a+ wh tog(2F4) 2(q-+u)Hog(2") (q +u)logs(#"} 


The integrated terms give sums similar to the sums U, and U; which 
we have already considered, and we therefore conclude that they are 
O(T* log?7’). The terms involving G(u) in the last integral give 


] 1 1 
. > sal ry (n+-r)'r2n- +> wan) 


/_K 
= O( ¥ n-*) = O(K)+0(7*). 


n=1 


bo 





The term involving G’(u) we integrate by parts again in the same 
way, and a similar result then follows for this. 


13. We have now proved the theorem stated in § 1, except that 
the right-hand side contains a term BT", where 


B= (2 Hed f 


3695.5 P 


1 


cos 7(u2—}) du — 2 | 


0 


cos?2m(u?—u—) | 
du). 
cos*27u 
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But in fact B — 0; for it is known that*, as 6 > 0, 


roy Perere 1 1 log 2ar—y 
|_ gt) |2e—8t J¢ — y = l 
| |f(3+-0t) |2e-* dt = 5 logs — 5 | O(1). 


x 


0 
If B were not zero we should obtain a multiple of 5? in this formula, 


on calculating the integral by integrating by parts and using the 


result of the present paper. 
To verify directly that B = 0, we put 


x x 


| cos x(w2—}) du = | cos x(r?+ 2rv-+-v?—}) dv 


r 0 
x 


= (—ly ( cos m(2rv-+-v?—}) dv. 
0 


x x 


x ° 
" ” : a nar e e-tmv'- 4) 
Now ' (—1) | eft2rv+v'—)) dy | dv, 
/ 27rv _| : 
a 7 , +i 
r=1 0 0 


as may be proved by turning the line of integration through 7, 
summing under the integral sign, and then turning through a further 
angle }7. Taking the real part, we obtain 

x 


- cos a(v?—1 
(2) 4, 


oO 
x 
. a let—2 ; 
2 cos m(u?—}) du = — — 
é | enn] 
: 


Also, on integrating 
| {1 etre )}se0*2rw dw 
to 0, 0 to 1, and 1 to 1+710, 


and w= 3, we obtain 


along io with suitable indentations 
at w=} 
1 





r cos*2m(u*—u— te) 7 g [ cosm(v?—}) fant 
@ 


Py 
0 0 


The result now follows. 

* J. R. Wilton, Journal London Math. Soc. 5 (1930), 28-32. The result is 
stated without proof; but the formula with O(1) replaced by Of{log(1/8)}, which 
is sufficient for our purpose, is easily proved by the method of my Cambridge 


tract The Zeta-function of Riemann, § 2.32. 

















ON THE ORDER OF INTERPOLATED INTEGRAL 
FUNCTIONS AND OF MEROMORPHIC FUNCTIONS 
WITH GIVEN POLES 
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1. Introduction 


THE existence of an integral function taking assigned values at a set 
of points with no finite limit point and of meromorphic functions 

with assigned poles having no finite limit point is well known. 
A meromorphic function with the principal parts P,{1/(1—«,,z)} at 
the points 1/a, (n = 1, 2, 3,...) is given by Weierstrass’s expansion* 
ne+ > (2(-_)-e,0), (1) 

ad | n l —X, > n } 

where Q,,(z) is a sequence of polynomials chosen to make the series 
converge and #(z) is an integral function. When £(z) is taken to be 


zero and the poles are all simple, (1) takes the form 


wo 


>= (2) 
: l—a,,z : 
where —A,,/«, is the residue at 1/a,, and the sequence of integers (v,) 
is so chosen as to make the series converge.t 

The determination of an integral function taking the values b,, at 
the points a, when lima, = 00, depends on the simple case (2). An 
integral function ¢(z) with simple zeros at the points a, is first formed 
(as a Weierstrassian product) and the required interpolation func- 


tiont is given by 
~ b zn 
dz) > — (3) 
1 and (a,,)(2—4,) 
In this construction the function ¢(z) and the sequence (v,,) of positive 
integers are both arbitrary subject to the conditions stated for ¢(z) 
and the convergence of the series (3). 
Apart from the existence of the solutions of the two problems, little 
* L. Bieberbach, Lehrbuch der Funktionentheorie, 1 (1921), 284-6. 


+ A. Pringsheim, Vorlesungen tiber Zahlen- und Funktionenlehre, (2) 2 (1932), 
815. t Ibid. 693-6. 
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has been discovered about their properties,* and in particular, neces- 
sary and sufficient conditions for the possibility of a solution of finite 
order are not known. In the case of meromorphic functions the order 
of the function represented by the series (1) will depend on the 
coefficients of the polynomials P,, on the distribution of the poles 
1/x,,, and on the choice of the sequence of polynomials Q,,. The order 
can, of course, in no case be less than the exponent of convergence 
of the sequence («,), but can always be increased by the choice of 
E(z) or of the Q,,(z). We require, therefore, a choice of the Q,, which 
will ensure that the order of (1) is as small as possible. 

Restricting our discussion to the case in which all the poles are 
simple, it will be observed that the absolute convergence of the series 
(2) is equivalent to the absolute convergence of 


> A, age. (4) 


This series must therefore represent an integral function, and we show 
that the order of the meromorphic function (2) does not exceed the 
greater of the order of (4) and the exponent of convergence of the «,,. 
As the order of (2) is certainly not less than the exponent of con- 
vergence of the a, (this being the order of its poles), it becomes 
necessary to discuss the order of (4). This order depends on the 
choice of v, and on the order of magnitude of the A,. It will there- 
fore be necessary first to consider how great the order of magnitude 
of the residues of a function of given order can be, and then to deter- 
mine the order of the function (4) when the A,, satisfy given con- 
ditions. 

To begin with we notice that, if the distribution of the poles is 
quite arbitrary, no limit can be set to the rate of growth of the 
residues, for the series 


S . ; (5) 
1 n*(1—a, z)(1—B,, z) 


where lima, = 0, limf,, = 0, represents a meromorphic function of 
the same order as the canonical product with zeros at 1/a,, 1/8,,. On 
splitting each term of (5) into partial fractions, the function may be 


written x 
> 1 { Xn al B,, \ (6) 
n*(a,—B,) \1—a, z 1—8,, 2) 


1 


* See, however, a later reference to the paper by M. Mursi and C. E. Winn. 
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and the sequences («,,) and (8,,) can be so chosen that, as (a, —B,,) tends 
to zero, the residues of (5) or (6) tend to infinity as rapidly as desired. 
If, however, we impose a restriction on the ‘closeness’ of the poles, 
which is suggested by the Hadamard-Borel* theorems on the mini- 
mum modulus, we find that the order of the residues R,, as defined by 
-—logt(log*|R,, | 
lim “8 ( "8 ‘n) (7) 
n> log |1/«,,| 

cannot be greater than the order of the function. 

Conversely we show that the meromorphic function (2) can be 
formed, by a suitable choice of the sequence (v,,), to have an order 
which does not exceed the greater of the order of (7) and the exponent 
of convergence of the («,,). It should be noted, however, that the v,, 
can be so chosen as to give a function of any desired order in excess 
of this ‘minimum’ order. 

Similarly, the interpolation problem can be solved on the same 
assumption as to the ‘closeness’ of the a,, and of course some such 
assumption is necessary. In a recent paper Mursi and Winn? obtained 
the following results: 

TuEorEeM. Jf (r,,) is a real increasing sequence satisfying the con- 
ditions ] 

. logn 
lim 8" —->0, (8) 
no logr, 
:; Tria? 
lim 9-22 > 6, (9) 
n> Tn 
and (b,,) an associated complex sequence such that 
-— log (log |5,, | 
lim g(log |, |) =o> 0, (10) 
n>o logr, 
then there exists an integral function x(z) of order not exceeding max(r, a) 
satisfying for every positive integral n the relation 
7 X(T) was b,,. (11) 

We prove the result: 

TueoreM. If (a,,) is a sequence of complex numbers, arranged in 
order of increasing moduli and satisfying the relations 

-—— logn 
im —>- = 7 > 0, (12) 
n-—>e log |a,,| 
G. Valiron, Lectures on the Theory of Integral Functions (1923), 57; Fone- 
tions entiéres et fonctions méromorphes d’une variable (1925), 23. 

+ M. Mursi and C. E. Winn, ‘On an interpolated integral function of given 
order’: Quart. J. of Math. (Oxford), 4 (1933), 173-9. See also E. Borel, Comptes 
Rendus, t. 124, 673. 
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if, for some fixed positive h none of the circles of centres a, and 


radii \a,|—" overlap, (13) 


n 
and if (b,,) is an associated complex sequence such that 


4 y+ } 
lim log*(log* |6,.!) eae w, (14) 
>a log |a,, 


then there exists an integral function x(z) of order not exceeding max(r, c) 
satisfying, for every positive integral n, the relation 


x(4,,) b,,. 
Conditions (12)—(15) are evidently less restrictive* than (8)-(11), 
for from (8) and (9) follows 


. Oe eae } , 
lim a 2s " > 0, 
nD Tn 


which is equivalent to (13) when the a,, are replaced by 7, and h has 
the special value 7+«—1. 

Using an extension of the Hadamard-Borel theorem, (13) will be 
replaced by a less restrictive condition, and this involves a commen- 
surate increase in the order of x(z) (§§ 2, 5). 


2. The order of the residues of a meromorphic function 
The results here obtained are based on the well-known theorems 
of Hadamard and Borel} which we state as 
Lemma 1. Jf g(z) is an integral function of finite order p, and if 
about each zero a, (~ 0) as centre is drawn a circle of radius |a,|~", 
where h is a fixed positive number, and if « be any positive number, then 
log |g(z)| > —rPt¢ (16) 
for \z| = r sufficiently large and z lying outside all the circles. 
From this follows immediately 
Lemma 2. Jf f(z) is a meromorphic function of order p, and if about 
each pole p,, (~ 0) as centre is drawn a circle of radius \p,|\-", where 
h is a fixed positive number, and if « be any positive number, then 
log| f(z)| < rete (17) 
for |z| = r sufficiently large and z lying outside all the circles. 
Proof. f(z) being of order p can be expressed in the form 
f(z) = 91(2)/9(z), where g,(z) and g(z) are integral functions of order 


* Cf. M. Mursi and C. E. Winn, loc. cit. 174, footnote. 
+ G. Valiron, loc. cit. 
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not greater than p having for their respective zeros the zeros and 
poles of f(z). 

Hence, for |z| = r sufficiently large, 
log|g,(z)| < ret? 
and by Lemma 1, outside the circles referred to, 
log |g(z)| > —retl? 
from which the result follows. 
With the help of Lemmas 1 and 2 we prove 
THEOREM 1. Jf f(z) is a meromorphic function of order p, and if, for 
a positive h, the circles of radii |p,,|-" with centres at the poles p,, (+ 9) 
never overlap, then for any positive « the corresponding residues R,, 
satisfy, for |\p,| sufficiently large, 
log|R,,| < |p, |Pt€. (18) 
Proof. R= = [ fle) dz 
2t J 
taken round the circle with centre p, and radius |p,|-". From 
Lemma 2, if z lies on the circumference of this circle and if |z| is 


ams 


sufficiently large, then 
log| f(z)| < lz|P*<? < |p, |P+*9{1+ |p, |“ -tyere? 


holds for |p,,| sufficiently large. Hence 
[Ral < [pal exp{|p, |P*9(1+ |p, |** P**7} < exp(|p,|P*, 

giving log|R,,| < |p, |P*. 

This is equivalent to the statement (7) in § 1, which may be written 
—— logt(logt|R 
lim tog*(log* |, 1) < p.- (19) 
|pn|—>o log |p,,| 

Results (16), (17), and (19) may be immediately extended by the 

following generalization of the Hadamard-Borel theorem. 

Lemma 3. If g(z) is an integral function of order p, and if about 
each zero a, (~ 0) as centre is drawn a circle of radius |a,|—-™%, 
where h(r) is an increasing positive function of r such that 

— log h(r P 

roo logr 

and if « be any positive number, then 
log|g(z)| > —res#'« 


for \z| = r eufficiently large and z lying outside all the circles. 


(20) 


> 
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This extension is contained implicitly in the proof given by Bieber- 
bach* of the Hadamard-Borel theorem. In his formula (69’), which 
may be written 
, log M(4r)log 2r 
log|fle)| > — Sree” 


log 2 


{h+-O(1)}, 


where O(1) is independent of h, we replace h by A(r), and it follows 
that AY os I a +p’ + 

, log| f(z)| > —ret*{h(r)4+-O(1)} > —rete'te, 
since, by (20), h(r) < ret. 

A similar generalization of Lemma 2 leads to the result: 

Lemna 4. Jf f(z) is a meromorphic function of order p, and if about 
each pole p, (~ 0) as centre is drawn a circle of radius |p,,|-™?, 
where h(r) is an increasing positive function of r satisfying (20), and 
if « be any positive number, then 

log |f(z)| < re%#'+« 
for \z| = r sufficiently large and z lying outside all the circles. 
Lemmas 3 and 4 lead to the following generalization of Theorem 1. 


THEOREM 2. Jf f(z) is a meromorphic function of order p, and if 
about each pole p,, (+ 0) as centre is drawn a circle of radius |p,,|—™'?», 
where h(r) is an increasing positive function of r satisfying (20), and 
if these circles never overlap, then the corresponding residues R,, satisfy 
the relation = log*(log*|R,, |) és | sis 
miro log|p,| 


3. The converse problem 

Having discussed the possible rate of growth of the residues of 
a meromorphic function of finite order, it is necessary to consider the 
converse problem of the construction of a function of the lowest 
possible order with the given residues and poles. The discussion 
depends essentially on 

Lemma 5. If (A,,) and («,) are given sequences of complex numbers 
satisfying the relations 


lopaal < [ay |, lim «x, == 0, 


nx 


log+(log+|A.,, |) 
lim —— = 
log |1/c,, 


n->=x 


* L. Bieberbach, Lehrbuch der Funktionentheorie, 2 (1927), 260. 
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4 log n 

ne lOg|1/aq| 

then it is possible to choose the sequence of positive integers (v,) so that 

the series 


7>0, (24) 


|Ay, atm" |2” (25) 


‘represents an integral function of order not exceeding max(c, 7). 
Proof. We take v, to be increasing and (25) will then certainly be 
an integral function if 
lim |A,, ayn |1¥» = 0. (26) 


n |v 
n—>o0 


Its order is then given by 
Vn log Vn .. log Vn (27) 


lim jog 1/A A. ah oe ieeilian 1-1, Hogl Ant 





Since lim «,, = 0, (26) will be satisfied if lim|A,, < 1, ie. if 
nx nx 
_—log|A 
lim g | al je 0 
n—-2D Vy 


Taking v, = [log|1/a, | > Sones x (log*|A, !)]+n+1, (29) 


(28) 


then lm —— logldal 0, 
na Vy»—N 
and (28) is, a fortiori, satisfied, v, is certainly increasing, and the 
order of (25) given by (27) satisfies 
_s Vn 7— lo OL Vn 
Jim Fogii/anI—(1/o,loglae| ~ E jogitaql 
Now pv, < max(2n, 2, —2n) and isilines 


log v, (— logn -=—log(v,—n)\ 
—S""_ < ms a oo itt 
melOg| La] twee log|/ay]” gn log] t/a] | 


from (24), (23), and (29). 





< max(r,¢), 


4. Construction of meromorphic functions with given 
poles and residues 
From Lemma 5 there follows immediately 


THEOREM 3. Jf (x,) 
(A,,) an associated com oe sequence satisfying the relations 


is a given sequence of complex numbers and 


la, eT <= lo, | 9 lim X, = 0, (22) 


n—-2D 


ae + +|4 
Tm 08 *Hoe*!4nl) _ 


23 
no log |1/c,, | ( ) 
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—— logn 

lim —— 

na log|1/a,, 

then for a suitable choice of the sequence of positive integers (v,), 


meromorphic function i ae 
bs vac, Tas. Seal 
, l—a, z 


has an order not exceeding max(o,7). 

Proof. Let the v, be chosen to satisfy Lemma 5, and let ¢(z) be 
the canonical product with simple zeros at 1/a,, so that ¢(z) is an 
integral function of order 7. We now determine an upper bound for 
the order of the integral function 


a A Vn vn 
92) = $2) > 52. (30) 


l—a,, 2 


7 Se. 


= 
S 


1 


$, then, writing M(r,4) for max|¢(z)|, 


jel=r 


| #@) |. 2M (\z\,4), 


j1—a,, 2] 


Hence in all cases 
x 
lg(z)| < 2(|z|+1) M(|z|+-2, ¢) > IA, of ||z|"*. 
1 
Since ¢(z) is of order 7, and, by Lemma 5, the order of (25) does not 


exceed max(o,7), it follows that g(z) is of order not exceeding 
max(o,7). From (30) it follows that 


x , , 
A, Oy” 2” g(2) 


1—a, 2 (z)’ 


so that (2) is the quotient of an integral function of order not exceed- 
ing max(o,7) by an integral function of order 7, and thus the order 
of (2) is not greater than max(o, 7). 

It will be observed that since this function has its poles at 1/a,, 
its order must be at least 7, and if o >7 and the a, satisfy the 
conditions of Theorem 1, its order must be at least o. Hence under 
these conditions the order of (2) is exactly max(c,7), and no mero- 
morphic function of lower order with the given poles can exist. In 
any case, by a suitable choice of v, or by the addition of an integral 


* Cf. M. Mursi and C. E. Winn, loc. cit. 177-8. 
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function, a meromorphic function can be constructed with the given 
residues and poles having any assigned order in excess of the mini- 
mum order occurring above. 


5. The interpolation problem 
Given a sequence of distinct points (a,,), whose only limit is infinity, 
and a corresponding set of numbers (b,,), the problem relates to the 
construction of an integral function x(z) such that y(a,) = 6, for 
every positive integer n. 
As remarked in § 1, the classical solution is 


= $(2) re ” gn i (3) 


where ¢(z) is any integral function ‘aeais zeros at z = 4,, 
with |a,,,| > |a,|. We take 4(z) to be the canonical product with 


these zeros. It will now be shown that the v,, may be so chosen that 
x(z) can take any assigned order in excess of a certain ‘minimum’ 





order. 
LemMaA 6. The order of x(z) need not exceed max(A, 7), where 


iim log n aoe (31) 
~» log |a, | 


log+ (log 


Fa (@,)| ) ra ‘Y (32) 
no log a,,| 


Proof. Replacing 1/«,, by a, it follows from Theorem 3 that the 





lim 


meromorphic function 





>. ae 
¢'(a,, ea.) Jarn’ 


with suitably chosen v,, has an order not exceeding max(A,7). Since 
d(z) is of order + the result follows. 

More precisely the order of x(z) depends on the rates of growth of 
a,, b,, and 1/¢’(a,) as expressed in the following lemma: 

Lemma 7. The order of x(z) need not exceed max(c,u,7), where 
log*(log*|b,,|) _ . (33) 


lim rts 
log |a,,| 


im logt{log*| 1/4 (,)}} = pt, (34) 
aie log |a,,| 


and + is determined by (31). 
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Proof. From (32), 


A < lim log*{log* |6,,|+-log*|1/a,, $’(a,,)|}/log|a, | 





na? 2 
< lim max{log+t(2 logt|b,, |), log+| 2 log+|1/a,, 6’(a,,)| ]}/log |a,, | 
n= 
logt(log+|!b, | log+f{log+|1/d’(a, )|* 
< saan! Gaon Ys ( 8 I“n ) im > t™~s d'( om | 
a“ log |a,, | = apa log |a,, } 


Hence the order of (3) is not greater than max(o, p, 7). 

In general, the growth of |1/¢’(a,,)| and hence pw will depend on the 
proximity of the a,, and we may use Theorem 1 or Theorem 2 to 
give a more precise form of the relation. Under the conditions of 
Theorem 1 we obtain the following: 

THEOREM 4. Given a complex sequence (a,,) arranged in order of 
increasing moduli satisfying (31) and an associated complex sequence 
(b,,) satisfying (33), then if a positive number h exists such that none 
of the circles with centres a, (~ 0) and radii |a,|-" overlap, an integral 
function x(z) can be constructed of order not exceeding max(a,7) such 
that x(a,,) = 6,, for every positive integral n. 

Proof. Consider the meromorphic function 1/4(z), of order 7, with 
simple poles at a, and corresponding residues at 1/¢’(a,). From 
Theorem 1, in the form (19) and (34), 

log +{log*+|1/4’(a,,)|} es 


bh = lim =4 
log |a,, 


n> 

Since, by Lemma 7, the order of the constructed function does not 
exceed max(o, 4,7), the result follows. 

A similar application of Theorem 2 leads to the result: 

THEOREM 5. Given a complex sequence (a,,) arranged in order of 
increasing moduli satisfying (31) and an associated complex sequence 
(b,,) satisfying (33), and if a positive increasing funciion h(r) of r satis- 
fying (20) can be found such that none of the circles with centres a, (+ 0) 
and radii \a,,|\~"% overlap, then an integral function x(z) can be con- 
structed of order not exceeding max(o,7-+-p’) such that x(a,) = b,, for 
every positive integral n. 

By the addition of an integral function of prescribed order with 
zeros at the a, or by an appropriate choice of the v,,, an interpolated 
integral function of any assigned order in excess of the ‘minimum’ 


order can be constructed. 








AN INEQUALITY 
By G. N. WATSON (Birmingham) 
[Received 12 March 1934] 


A SOMEWHAT abstruse theorem in Electrostatics, due to Poincaré,* 
asserts that, of all conductors of given volume, the sphere has the 
least capacity. A very elegant proof of a generalization of Poincaré’s 
theorem has been constructed comparatively recently by Szegé,t 
whose paper contains references to various investigations of Poin- 
caré’s theorem. 

A special case of Poincaré’s theorem is that the capacity of an 
ellipsoidal conductor with unequal axes exceeds the capacity of the 
spherical conductor of the same volume. When we take the ordinary 


expression m 

x [ du 

“| ) @+uy(b+uyer+ay 
0 


for the capacity of the ellipsoidal conductor with semi-axes a, b, c, 
we see that Poincaré’s theorem involves the truth of the inequality 


oe 


du : > 


(1) 


| M(@+ uj +ujye+u)} ~ Y(abe) 


0 
[ have constructed an extremely simple analytical proof of an 
inequality which includes (1) as a special case. My result is as 


follows: 
Let A>0, a4,>0, p,>90 (r=1,2,3....,m). 


Then, all sums and products referring to the values 1, 2, 3,..., of r, 


ee) 


du 1 
| {T] (a,+ U)Pr}At+U Spr < (A > pT abr\n’ (2) 


equality occurring only when 


) 


a, = 4, = @, =... = G,,. 
To prove (2), apply the general inequality of the arithmetic and 


* Comptes Rendus, 104 (1887), 622-5. 

+ Math. Zeitschrift, 31 (1930), 583-93. The generalization has reference to 
condensers of given volume. My thanks are due to Prof. G. Pélya for bringing 
Szegé’s paper to my notice, and also to Prof. H. R. Hassé for supplying me 
with a bibliography of the earlier literature on the theorem, 











222 G. N. WATSON 
geometric means to the set of numbers (a,+-u)-! with weights p,. The 


result is Y p,(a,tuy _ , 


as. 


equality occurring only when (3) holds. 


(a,-+-u) Pr} Spr, 


Multiply through this inequality by 
{T] (a,+u)?} 
and integrate with respect to wu from 0 to 00; the result may be 
written in the form 
] - d du 
-- —|{ a,+u)-?}| du > [ 

A> p, | alt I ( buy} J {T] (a,+-u)eyrtize,? 

0 


0 
whence the truth of (2) is obvious. 
To obtain (1) from (2), take 
n= 8, A 


a, = a, a, = 


oo 


p, =1 (r=1,2,3), 


? as = c?. 


2 


om 


The only inequalities containing the integral involved in (1) with 
which I was previously acquainted are the results due to Pélya* 
3 ae 


wa [ du » > a/(be) 
Dd beja ~ 2) Jf{(a?+u)(b?+u)(c?+u)} ~ 3 


0 


My inequality is obviously an improvement on Pélya’s right-hand 
inequality, but I have no result which can be compared with his left- 
hand inequality. 

The inequality (1) assumes an interesting form when expressed in 
terms of Jacobian elliptic functions. Let the semi-axes, a, b, c be 
taken in descending order of magnitude, define the positive acute 
angle y and the modulus k (0 < k < 1) by the equations 

c¢ = acosy, b? = a*(1—k*sin*y); 
then, writing y= amw (0 <w< K), we evidently have a (1,1) 
correspondence between the set of semi-axes (a,b,c) and the set of 
variables [a, k, w]. 
Now make the substitution 


a* cn2a—c? 





sn2x 


* Cf. Polya u. Szegé, Aufgaben u. Lehrsdtze, 1 (1925), 57, 215. 
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in the integral on the left of (1), so that x decreases from w to 0 as u 
increases from 0 to 00; we thus get 
- du 2 r 
(a2 2) 2 wa = dx 
A {(a?+-u)(b?+-u)(e +u)} (a —O7F 
0 0 
2w 


~ asnw 
Hence we have the inequality 
snw a -E 
eS 860K 1,0< oe €S) 
*/(cnw dn w) 
with equality occurring only when w = 0. 

An equivalent method of proving (4) is to observe that 
cn2w + dn?w + en’w dn2w 
— ee ws ; i 

} 3%/(entw dntw) 





d { snw 


dw \/(enw dnw) 


> 0. 


al 
by applying the inequality of the arithmetic and geometric means to 


cn?w, dn’w, en’w dn*w. Hence 
snw 
*/ (cn w dn w) a 
is an increasing function of w which vanishes with w and is continuous 


when —K < w < K. It is, therefore, positive when 0 < w < K. 











ON SERIES OF POLYNOMIALS 
By J. M. WHITTAKER (Liverpool) 
[Received 31 January 1934] 
1. Ir is a familiar fact that the properties of the series 
dy po(z)+-d, p,(z) +... (1.1) 
where p,(z), ,(z),... are prescribed polynomials, differ very widely 
according to the particular polynomials chosen. For example, the 
region of convergence may be a circle (Taylor series), an ellipse (series 
of Legendre polynomials), a half-plane (Newton’s interpolation series), 
or a whole plane (Gauss’s interpolation series), a Mittag-Leffler star, 
and so forth. Any properties which are common to all series of the 
type (1.1) must therefore be of a very general nature. 

With a view to finding such properties, let us first define precisely 
the class of series for which they are to hold. A very general defini- 
tion, including all the ordinary sorts of polynomials, is as follows: 

DEFINITION. Polynomials p,(z), p;(z),... will be said to form a basic 
set, if every polynomial can be expressed in one and only one way as a 
jinite linear combination of them. 

As (1.1) is an infinite series it is tempting to seek to widen the 
definition by including infinite linear combinations. For example, 


the polynomials ete2, 22-+23... (1.2) 


do not form a basic set, but an arbitrary polynomial can be expressed 
in one and only one way in the form 

d,(1+-z)+-d,(z+2?)+-..., 
the series being convergent in |z| < 1. This suggests that it might 
be better to adopt as fundamental some such hypothesis as the 
following: 

(A) The polynomials p,(z), p,(z),... are such that every polynomial 
can be expressed in one and only one way as a series of the form 
(1.1), convergent in some circle |z| < R. 

A little reflection shows, however, that, so far from possessing a 
high degree of generality, this hypothesis excludes some of the most 
elementary cases. Thus the polynomials 

(1.3) 
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form a basic set of the simplest kind, that in which p,,(z) is of degree 
n, but they do not satisfy condition (A). For since 


0 = 1—(1+2)+(z+2?)—..., 


the series being convergent in |z| < 1, no polynomial can be uniquely 
represented as a linear combination of the polynomials (1.3). 

Basic sets can be classified by means of a function U(n) defined 
as 

the number of polynomials p,(z), p,(z),... of degree less than n. (1.4) 


The condition that the representation of an arbitrary polynomial 
is to be unique shows that the members of a basic set must be linearly 
independent in the finite sense. and this clearly implies that 


U(n) <n (n > 1). (1.5) 
The most common ease is 
U(n) =n (n > 1), (1.6) 


i.e. p,(z) is of degree n. A set of polynomials satisfying (1.6) will be 
called a simple set. Such a set is necessarily a basic set. 
Failing (1.6), it may be that 


U(n,) = n,, for an infinite sequence 7, g,.... (1.7) 


A basic set with this property will be called a regular set. It is easy 
to see that any set of linearly independent polynomials satisfying 
(1.7) is regular. 

In the case of a general basic set nothing can be said about U(n) 
except that it satisfies (1.5) and is an increasing function tending to 
infinity. It will be seen (Theorem 1) that U(n) can increase arbitrarily 
slowly. 

Theorem 2 gives a necessary and sufficient condition that a set of 
polynomials be basic. P, the matrix of the coefficients in p(z), 
p,(2),..., is an infinite matrix with the property that each row con- 
tains only a finite number of non-zero elements. Such a matrix is 
said to be row-finite. It is shown that the set of polynomials is basic 
if and only if P has a row-finite reciprocal. 

It is next shown that associated with a basic set of polynomials 
there is a basic series 


Pol2)Qo f(0) +-94(2)Q1 f(0) +... (1.8) 


capable of representing all polynomials and all integral functions of 
3695.5 
i Q 
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sufficiently slow growth. Qo, Q,,... are differential operators defined 
by the equation 

; ais d Ix @ 

d= Vit Nis +o Ge se (1.9) 

where Q = {q;;} is the matrix P-'. The operators corresponding to 
a simple, or regular, set of polynomials will be said to form a simple, 
or regular, set of operators. 

The case of a simple set of polynomials with bounded coefficients 
is next discussed. It is shown that, if 


IPs] SL 


and f(z) is regular in |z| < p, where p > 1+-L, the basic series repre- 
sents f(z) in |z! < p. The condition p > 1+-L is essential. 

A simple set of operators with bounded coefficients has similar 
yroperties. If sot 
prof} dis! S M, 


the associated polynomials satisfy the inequality 
R Re —1 
\p,(2)| < M(Q+-Myrfi+ kes Re 
Pn( )| = ( + ) | 1+mM" Taf My + 
when |z| < R, the upper bound being exact, and the basic series 
represents all functions regular in |z! < p, where p > 1+. 


2. THEOREM 1. If (n) is any positive increasing function tending 
to infinity, there is a basic set of polynomials for which 


U(n) < f(n) (n > nN). (2.1) 


Let w(x) be a positive increasing function, taking integral values 
when z is integral, and such that 

wilog %(n)} > n (n > 1). (2.2) 

With the aid of this function let a basic set be constructed by 

modifying the set 1 


2 


on 
in the following manner: 

Leave unaltered 1, 2%, 2, z%@,... and replace any other term 
2™ by 2”-+2%), where p is defined by the relation 

Pan < PM, (2.3) 

These polynomials form a basic set. For each polynomial z” can’ 
be expressed in one and only one way as a finite linear combination 
of the given polynomials, namely, as 2” if m is of the form w/(s), 
i.e. is one of the sequence 0, w(0), w(1),...; and as {z"-+-2%)}—z) in 
the contrary case. It follows that any polynomial can be expressed 
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uniquely as a linear combination of a finite number of the given 
polynomials, so that the latter form a basic set. Now, if 
w(q) <2 < w(g+1), (2.4) 
a polynomial of degree less than n must either be of the form 2”, 
where s < q, or 2™+2”®), where p < q, and, by (2.3), the number of 
the latter polynomials does not exceed 2%+1. Hence 
U(n) < q+2%+! < ef (q > 10). (2.5) 
It follows from (2.2), (2.4), (2.5) that 
wilog U(n)} < w(q) < n < wflog p(n)}, 
and, as w(a) is an increasing function, this implies that 
U(n) < $(n). 
3. Basic sets 
A matrix A is said to have a reciprocal B, if B satisfies the equations 
AB = BA = I, ie. the unit matrix. 
A is said to be row-finite, if each row contains only a finite number 
of non-zero elements. It is known* that the multiplication of row- 
finite matrices is associative and that in any associative algebra an 
element @ has a unique reciprocal if it has both a right-hand reciprocal 
and a left-hand reciprocal; and, moreover, that a has a unique two- 
sided reciprocal in that algebra if it has a unique reciprocal on 
one side. 
Write P 
a Pil?) = Pot Paz t+ Pane t--- 
P=[Po Poa Po 
Pro Pui Pre 


Po. Pa Pee 


The condition for a basic set is then as follows: 
THEOREM 2. In order that po(z), p,(z),... should form a basic set it 
is necessary and sufficient that P should have a row-finite reciprocal. 
In view of the preceding remarks the condition is equivalent to 
the statement that there is a unique row-finite matrix Q satisfying 


the equation QP = I. (3.1) 
To show that this condition is necessary, write down the equations 


* Dienes (2), 416. 
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expressing 1, z, 2*,... as linear combinations of p,(z), »,(z),...; say 
= Yoo Pol) +4901 Pil2) + --- (3.2) 


= 910 Pol?) +911 Pil2) + --- (3.3) 


— 


x 


Each of these series is finite, so the matrix Q = {q;;} is row-finite. 
In full (3.2) is 
| | | ~ | 
1 Yoo( Poot Por 2+ ---)+Go( Prot Pu2+---)+--- 
so that, on equating coefficients, 
— | y | 
1 = 0 Poot {01 P10 +02 P20 t --- 


O = Qo Por +901 P11 + V02 Part: 


These, together with other equations derived in the same way, are 


equivalent to OP =I (3.4) 
Again, there cannot be a row-finite matrix R, other than Q, such 
that RP I 


For, if so, let Q—R = {a,,}. As not all elements of this matrix 
are zero, let there be a non-zero element in, say, the first row of 
Q—R. Let a»; be the last non-zero element in this row. Now 


(Q—R)P = 0 
and so = 
X99 Poot %1 Pio t--- + %ox Pro = 9 
X99 Par %o1 Put +: + Xo Pia = Y; 


the final equation being the last in which the p’s are not all zero. 
Such a row exists since P is row-finite. On multiplying these equa- 
tions by 1, z,...,2/ and adding, we get 

X90 PolZ) +%o1 P1(2) +--+ Xx Pr(2%) = 9, 
and this is impossible, since ag, + 0, whereas p (Zz), p,(Z),... are 
linearly independent. This completes the proof of the necessity of 
the condition. 

To prove its sufficiency, assume the truth of (3.1) and write 
g | d q2i d? | —_ 9 
Q; Vit hig + 2! as (a — 0. 1; 7..5.% 

It is easy to verify that, if f(z) is any polynomial, 

S(2) = Polz)Qof(0)+i(2)Q,f(0)+-..-; 


the series being finite since Q is row-finite. In general each Q, is an 
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infinite operator, but the question of convergence does not come in 
as yet, since, if f(z) is a polynomial, the series 
a? Vif) = doi f(O)+91if'(0)+..- 
is finite. 

Thus every polynomial can be expressed in at least one way as 
a finite linear combination of p(z), p,(z),..... Now if there is a poly- 
nomial g(z) which can be so expressed in more than one way, this 
must be true of at least one of the polynomials 1, z, z*,.... For, if 
g(z) is of degree N and 1, z,..., z’-1 are all only expressible in one 
way, then z¥ must be expressible in more than one way. Thus there 
would be more than one set of equations like (3.2), (3.3). Each such 
set would lead to a row-finite matrix Q satisfying (3.4), and this is 
contrary to hypothesis. 

A corollary of the theorem is as follows: 

If P,, P, are the matrices of basic sets of polynomials, then the poly- 
nomials whose matrix is P,P, form a basic set. 

For P, P, has the row-finite reciprocal P,~!P,~". 

It should be remarked that it is not necessary to relate everything 
to the particular basic set 1,z,2*,.... Any other basic set of poly- 
nomials, say /(z), A(z),..., will do instead. Let 


pi(z) = > P,; Ke) (¢ = 0, 1,...) 


be the equations expressing an arbitrary set of polynomials po(z), 
p,(z),... in terms of F(z), A(z),.... Then po(z), p,(z),... will form a 
basic set, if and only if the matrix {P,;} (which is of course row- 
finite) has a row-finite reciprocal. This is readily proved with the 
aid of the preceding results. 
Again, let 
2 
= dati e G+. G=01,2,.) (8.8) 


2! dz? 
be any set of operators and let 
= [%o0 oi oz 
Yio Gu 2 
Yoo Yai Yee 


be called their matrix. (Note that the coefficients q;; associated with 
a particular Q; are in the same column of the matrix, whereas the 
coefficients p;; associated with a particular polynomial p,(z) are in 








230 J. M. WHITTAKER 
the same row of P.) Qo, Q,,... will be said to form a basic set of 
operators, if they are associated in the manner described above with 
a basic set of polynomials. Then another corollary of Theorem 2 is 
as follows: 

In order that Qo, Q;,... should form a basic set of operators, tt is 
necessary and sufficient that their matrix Q should be row-finite and 
have a row-finite reciprocal. 


4. Basic series 
It has been seen that the series 
; Pol2)Qof(0) + pi(z)O,f(0) (4.1) 
where p,(z), p,(z),... is a basic set of Pes tl and Qo, Q),.-. are 
the operators whose matrix is P-!, represents all polynomials f(z). 
It will be called the basic series associated with the polynomials, and 
it will now be shown that it represents all integral functions of 
sufficiently slow growth. 
THEOREM 3. Associated with a basic set of polynomials there is a 
function 4(n) with the following properties: 
(i) d(n)>0 (n> 0); 
(ii) if f(z) = > a,, 2" satisfies the condition 
n=0 


la,|< p(n) (nm >), (4.2) 
the series (4.1) converges to f(z) absolutely and uniformly in any finite 
region of the plane. : 

Denote by R,, R,,... an increasing sequence tending to infinity and 


write M;; = max|p,(z)|, (4.3) 


U 
l2l= Rj 
so that, for fixed 7, M;,; increases with . 
Now, formally, 


co 

— on 
> a, 2 
0 


= Y an {QnoPolZ)+9nr Pil?) +--+} 
0 


_? Pol ) ay, Ynot+P1(2) z a, Init 
0 


x 


= Dy (z)> a,,(Qo2").-0 + P1l2) 2X 4n(Q12")e-0F + 
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a Pol2)( Qo p32 ay 2”) + Pale) Qs 2 ay zn) + 


= Po(2)Qof(0)+-Pi(2)Of(0)+.... 
< R;, these operations will be legitimate, if 


Siai( > (s dna Mas (4.4) 


is convergent, k, being the sie number of the last non-zero 
element in the nth row of Q; and this will be the case for every j, if 


co { kn 
2, la, I >, !dnel Mon} 


is convergent. Hence it is sufficient to take 
kin 
$(n) bia (n2 2, Idnal_Myn) 
s= 


We may regard ¢(m) as associated with the basic set of operators 
connected with the polynomials. A corollary of Theorem 3 is then 
as follows: 

Let Qo, Q4,... be a basic set of operators and ¢(n) the associated 
) function. If Q,, f(0) — (n > 0) (4.5) 


and la,| < 6(n) (n > Np), (4.6) 


then f(z) = > a,,2” is identically zero. 
0 


5. Regular sets of polynomials and operators 

A basic set of polynomials has been defined to be regular if 

U(n 
[t is easy to see that, if m, is one of these integers, the matrix of the 
polynomials is of the form 
P=[P, O 
ix vb 
where P, is a square matrix of order n,, and that the matrix of the 
operators is of the form 
Q=P-=/[P;' O 
i rT 

Thus, in the case of a regular set of polynomials, it is possible to 
calculate the first n2 elements of P-! by forming the reciprocal of 


,) =n, for an infinite sequence 74, %g,... - (5.1) 
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P., the matrix consisting of the first n? elements of P. The same is 
of course true for a regular set of operators. As an example, let 


Qonf(9) = fOP), — @ansr f(0) = FOO) (nm > O), 


so that d2n qari 1 q2nt2 


Von = dzn T qe2n re og 2! dz2n+2 


q2n 
Von “n= dz’ 


and 


oo 








The reciprocal can be calculated by successively truncating Q into 
matrices of 2, 4, 6,... rows and columns. We find that 


P= 








so that the basic polynomials are 
z, 1—z, $(—z+-2*), $(—2z+-3z*—z')..... 

The resulting series was introduced by Lidstone,* who showed that 

all polynomials could be represented by it. 

Examples of regular sets in which the difference n,—n,_, is not 
necessarily bounded are furnished by the generalizations of Lidstone’s 
polynomials discussed in a recent paper.t It was shown that (using 
the terminology of the present paper) the operators corresponding to 


SOM), fP%L), oo f OO), $0), 
form a basic set, if and only if 


P(m)+Q(m) > m (m > 1) (5.2) 
and 
P(m,)+Q(m,) = m,, for an infinite sequence m,,mg,..., (5.3) 


* Lidstone (3), 18. + Whittaker (4). 
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where P(m) and Q(m) are respectively the number of p’s and qs 
less than m. In virtue of (5.3) the operators form a regular set. 


6. Aitken’s theorem 
[t is often possible to express a set of differential operators more 
concisely in some other way, e.g. by introducing difference operators. 
As an example we shall prove an elegant theorem due to Aitken.* 
Let 6;, 92,... be associative and distributive operators such that 


(i) 6 


acting on a polynomial of degree n produces ¢ i 
ting a poly al of d 1 a polynomial 


s 
of degree n—1; 


(ii) 6.2 = 1. 

If 4(z) is an arbitrary polynomial, denote by 6,'¢(z) the polynomial 
which vanishes when z = 0 and is such that 

6, 6, *d( )= (2). 
Then 1, z, 0; 12, (0,0,)—*z, (0,0, 0,)~*z,..., 
where (0,0,_,...0,)* =: 6 *0,"...6-1, 
form a simple set of polynomials: and so an arbitrary polynomial can 
be expressed in the form 
f(z) = Qof(0)+2Q,f(0)+67'2Q.f(0)+..., (6.1) 

Q», Q,,... being the associated operators. 

On setting z = 0, (6.1) gives 

F(0) = Qof(0). 
Again, on applying the operator 6, to (6.1), there follows 
A, f(z) = Q1f(0)+2Q2f(0)+..., 

and this gives 6,f(0) = Q,f(0). 

The other coefficients can be determined in the same way and thus 

f(z) = f(0)+26,f(0)+-0; 120, 8; (0) + (02 0,) 1293 0, 0, f(0)+.... (6.2) 
This is Aitken’s formula. Lidstonet has given a similar result in- 
volving operators which reduce the degree of a polynomial by two. 

Operators can sometimes be expressed most conveniently in in- 


tegral form, e.g. in the case of series of Legendre polynomials. In 
this case the coefficients g;; can be found very easily by making use 


* Aitken (1). + Lidstone (3). 
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of the orthogonal properties of the Legendre polynomials. On multi- 
plying the equation 
2 = dio hi(z)+9in A(e)+-.. 
by P,(z) and integrating, it is found that 
1 
Vj = (j+4) | 2'P,(z) dz, 
-1 
7. Simple sets of polynomials with bounded coefficients 
In the case of a simple set of polynomials, i.e. when p,,(z) is of 
degree n, there is no loss of generality in taking the coefficient of 2” 
in p,(z) to be unity. It will be assumed that this is the case. This 
implies that Q,, is of the form 


n n+l 
1 @ 1 Ursin OY (7.1) 


n! dz” (n+1)! aqeate 


and vice versa. 

If the remaining coefficients of the polynomials satisfy an in- 
equality Ipi;| < L, (7.2) 
the basic series has simple properties. 

We need a lemma on determinants. Let an n-rowed determinant 
in which the diagonal above the leading one is composed of unit 
elements and all diagonals above it of zeros be said to be of class Z,,. 

Lemma. If A = |la;,| 

la;| << K (9 = I, 2.,...,$;¢ = 1,2....,%), 
then |A| < K(1+ K)*-. (7.3) 


For, on expanding in terms of the elements of the first row, it is 


| 78 of class Z,, and 


seen that 
A = a,, Xa determinant of class Z,_, — a determinant of 
class Z,,_1, 
and (7.3) follows from this by induction. The constant on the right 
of (7.3) is exact, since 
K 1 .| = K(1+K)*-". 
—K 
K 
—K 
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Now, if po(z), p(z),... is a simple set of polynomials, the coefficient 
of the highest power being always unity, it will be found that 


i; = a determinant of class Z;_; (j = 0, 1, 2,...,¢—1). 
Thus (7.2) implies that 
Ids] < LAF LY < (14 Ly 
Let M,; be defined by (4.3), where now 
R,= R>1+1L, 
so that, for all values of i, (4.3) gives 
M,; < (1+ R+...4+ R*)+ BR < (84+-1)R*. 
The k,, of § 4 is now M, so that 


s IQns| Ma; < Dx (s+1)R(1+ L)"-+(n+1)R" 
< ps (s+1)R"+(n+1)R" 
== H(n-+1)(n+2)R". 


Thus, as in (4.4), if f(z) = } a, 2” is such that 
0 


¥ Ja, |(n+1)(n+2)R" 
converges, the basic series converges absolutely and uniformly to 
f(z) in the circle jz} < R. The following result has therefore been 
established : 


THEOREM 4. Let 
D(z) = Pio t Pir 2+. +Dig-12° 1 +24 (¢ = 0, 1, 2,...) (7.7) 
be a simple set of polynomials whose coefficients satisfy the inequality 
\Piy\ < L, 
and let f(z) be regular in \z| < p, where p > 1+L. Then the basic series 
Do(2) Qo f(0)+-P1(z) Qi f(0) +... (7.8) 
converges absolutely to f(z) in |\z| < p. 
The convergence is uniform in any smaller circle. The theorem is 
‘best possible’ in that the condition p > 1+-L is essential. For, if 


pole) =1, pile) = + LeA—2-8424..) DD), 
it will be found that 
Vij = (—)*7L(1+- L)-4 (J — 0, 1, 2,....8—1), 
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and, if f(z) is taken to be (z+1+L)-1, the series defining Q,f(0), 

namely, 1 a L } L 
1+-L.' (1+-L)* (1+-L) 


fo, 


does not converge. That is to say, there exists a set of polynomials 
satisfying (7.2) and a function f(z), regular in |z| < 1+L, for which 


(7.8) does not converge. 


8. Simple sets of operators with bounded coefficients 
It has been seen that the operators corresponding to a simple set 
of polynomials are of the form (7.1). Results similar to those of the 
last section can be deduced from the hypothesis 
dij! < UM, (8.1) 
in place of (7.2). These hypotheses (7.2), (8.1) are quite independent, 
neither implying the other. 
The argument of the last section shows that (8.1) implies that 
pi! < M(1+- MN) (j = 0,1, 2,...,a—1), 
and so, for |z| < R, 
R Pr .,. , 
[I+ | Shes ee i | pn. 


z)| < M(1+-M)"" 
Pri?) ilies i+ mM* (1+ mM)? +My 
This upper bound is exact; for, if 


O= 1 0 
M ] 

—M M 
M -—-M 








it will be found that 
(—1)"p,,(—R) = the expression on the right-hand side of (8.2). 
If R > 1+WM, (8.2) gives 
[Py(z)| < (n+1)R", 
and so 


k 


n nm—1 
> Ans! < > (8 +1) RM +(n+1)R" 
s=0 s=0 


< 4(n+1)(n+2)R". 


This gives the following result corresponding to Theorem 4: 
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THEOREM 5. Let 


1 d” oe qv+i 
== atte ° ; = 0,1, 2,... 
Qn n! dz” © (n+1)! dz" T - 


be a simple set of operators whose coefficients satisfy the inequality 
ds! < M, 
and let f(z) be regular in |z| < p, where p >1+M. Then the basic 
series converges absolutely to f(z) in \z| < p. 
As before, the convergence is uniform in any smaller circle and the 
condition p > 1+ is essential. For, if Q is defined by (8.3) and 
f(z) = (z+1 ay ik it will be found that 


n M n+ —_ M (n+ 
Q,.f(0) = —F™0 +e al ee 


(— 1)" sa (— 1)"+1M (— 1)"+2M 4 
~ (+My 14 My (1 yes 
se 


) 
men M 
Mya\' 14M +My 


so that the basic series vanishes identically. It is therefore not 


| 


enough to assume, in Theorem 5, that f(z) is regular in |z} < 14+. 


9. The order of a simple set of polynomials or operators 
Somewhat similar results are valid if the coefficients p,; satisfy an 
inequality Pij| << Kn* (i,j <n; a>0), (9.1) 
or if the coefficients q;; satisfy an inequality 
dij) < Kn* (tj <n; a> 0). (9.2) 
Let the order of a simple set of polynomials be defined as follows: 
DreFIniTION. The order of a simple set of polynomials (7.7) is 
A = lim agin) (9.3) 
no logn 


where A(n) = max |p;;!. (9.4) 


i,i<m 
If A is finite and a > A, this implies that 
Piz] < 2 (1,3 <n; n > N), 
and so, by the lemma, 
Igij| < (1+-2%) (j = 0,1, 2,...,0—1; 1 < n; m D Mp). 








238 J. M. WHITTAKER 
Take R, = 1+8*, 


so that as in (7.6), for s < n, 


My, < (s+1)(1-+n%, 


sn 
Kn 
and > Ins M,, <x 3(n-+-1)(n+-2)(1+-n*)” 
s=0 
< nn (n>n,; B >). (9.5) 


Let f(z) = > a,,z" be an integral function of order o, so that 
n=0 


| |-1 
lim log|a,|"" _ :: (9.6) 
= nlogn o 


n->o 


If o < 1/A, and f, y are chosen so thatA < B < y < 1/o, (9.6) implies 
that \a,,| << n-"Y (n > n,). (9.7) 


It follows from (9.5), (9.7) that 


a 1 kn 


> la, |( 3 IGns M,,,) 
=0 s=0 , 


n 


converges, so that the following result has been established. 


THEOREM 6. Jf po(z), p,(Z),... is a@ simple set of polynomials of finite 
order A, and f(z) is an integral function of order less than 1/A, the basic 
series converges absolutely and uniformly to f(z) in any finite region of 
the plane. 

The order of a simple set of operators can be defined in the same 
way to be ] 

. -— log p(n 

pw = lim 8 ul ) (9.8) 
n—>x log n 


where p(n) = max {q;;|. (9.9) 


i,j<n 
A similar argument shows that the basic series associated with 
a simple set of operators of finite order » represents all integral 
functions of order less than 1/y. 
These results are ‘best possible’. For example, let 


P= +s -z (9.10) 


1A 0 Oo 
4 1 Oo 
3 1 
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so that 
Guf 1 0 . ¢ 2 
—1 1 0 0 
(1.2) —2\ ie (9.11) 
—(1.2.3A (2.32 —3 1 
and the polynomials form a set of order A. Moreover, let 
~. /3\nA 
== “} 2” 9.12 
fe) = > ("= (9.12) 


a function of order 1/A. Then the series defining Q,f(0) is 
oo g\ na 
> (mir (5) 
n=1 n 
and this does not converge, since 
n! > ($n). 
Thus the basic series corresponding to a certain set of polynomials 
of order A does not represent all functions of order 1/A. 
Again, if Q is taken to be the matrix (9.10), so that P is the 
matrix (9.11), and f(z) is again defined by (9.12), then 
3\ nA (n+1)A 
Pa()QnS0)| = mth {(7)" -m4ip(2) | 
and once more the basic series does not converge. Thus the basic 
series associated with a set of operators of order A does not necessarily 
represent all integral functions of order 1/A. 
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ON THE NUMBER OF REAL ROOTS OF A QUINTIC 
EQUATION: ADDENDUM 


[Received 1 June 1934] 
By T. W. CHAUNDY (Ozford) 


I HAVE to acknowledge an omission* in my recent paper under the 
above title.t In Fig. 1 of that paper showing the discriminant of 
the quartic when A, > 0, I omitted to mark, in the region [0], the 
isolated double point {9A2,0). This represents a double pair of con- 
jugate imaginary roots, i.e. a set of roots of the form 7b, ib, —tb, —ib. 
To the criteria for four imaginary roots on page 14 of the paper we 
must therefore add the possibility 
A = @, A, > 0, = = 943. 

Similarly, in Fig. 3 showing the discriminant of the quintic when 
4A3+ A? > 0, an isolated point should have been marked in the 


region [1]. This corresponds to the case of one real root together 


with a double pair of conjugate imaginary roots, i.e. to a set of roots 
of the form —4a, a+-ib, a+ib, a—ib, a—ib. To the criteria for one 
real and four imaginary roots of the quintic on page 21 we must 
therefore add the possibility 
A= 0, 4A34 A? > 0, © = 0. 
* T have to thank my pupil Mr. H. R. Launchbury for calling my attention 


to this omission. 
t+ See above, pp. 10-22. 





